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Translator’s Note 


According to the wish of Professor Gel’fand, this translation has been 
compared with the 1964 German translation,! and all improvements and 
omissions contained in the latter were taken over here. Certain minor 
corrections were made without being mentioned and a few notes were 
added (which are identified as translator’s notes), especially in the last 
chapter, which is closely related to Chapter | in Volume 4 of this series. 

No serious attempt has been made to coordinate the terminology with 
that used in previously published volumes, partly because the present 
translator does not entirely agree with it (e.g. the use of conjugate space 
for what is called here dual space, or function of bounded support, for 
what is more frequently called function of compact support). On the 
other hand, there are no radical departures from the notation and termi- 
nology of the authors—in particular, no attempt has been made to 
““‘modernize”’ it.? 

The theory of partial differential equations, and of generalized eigen- 
function expansions has made tremendous progress in the past few years. 
Not being a specialist in these fields the translator has made no attempt 
to update the literature on the subject (except for a few obvious references). 

It was the express wish of Professor Gel’fand to refer the reader to the 
“excellent book of Hérmander” for some of the more recent develop- 
ments.? This book is indeed the most valuable contribution to the 
literature on partial differential equations and should be read by any 
serious student of the subject. 

Finally, I would like to thank Professor Gel’fand for supplying me 
with a copy of the German edition of this book and other literature 
which was useful in the translation. 


October, 1967 MEINHARD E. MAYER 


? “Verallgemeinerte Funktionen (Distributionen). Volume IIl—Einige Fragen zur 
Theorie der Differentialgleichungen.” VEB-Deutscher Verlag der Wissenschaften, 
Berlin, 1964. 

2 As was done in the recently published French translation, Math. Rev. 1080 
(1966), rev. Nr. 6001. 

3 L. Hérmander, ‘‘Linear Partial Differential Operators.” Springer-Verlag, Berlin- 
Heidelberg-Gottingen and Academic Press, New York, 1963. 
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Preface to the Russian Edition 


In the present volume, the third in the series ‘““Generalized Functions,” 
the apparatus of generalized functions is applied to the investigation of 
the following problems of the theory of partial differential equations: the 
problems of determining uniqueness and correctness classes for solutions 
of the Cauchy problem for systems with constant (or only time-dependent) 
coefficients and the problem of eigenfunction expansions for self-adjoint 
differential operators. 

In subsequent volumes, the authors intend to discuss boundary value 
problems for elliptic equations and the Cauchy problem for equations 
with variable coefficients and for quasilinear equations, as well as problems 
related to complex extensions of all independent variables. 

The authors use this occasion to thank the participants of the Seminar 
on Generalized Functions and Partial Differential Equations at Moscow 
State University, where various sections of this volume were repeatedly 
discussed. In particular, they are grateful to V. M. Borok, A. G. 
Kostyuchenko, Ya. I. Zhitomirskii and G. N. Zolotarev. The authors 
would also like to thank I. I. Shulishova for setting up detailed indexes 
for the first three volumes and to M. S. Agranovich, who has carefully 
edited the whole text and whose criticism has contributed considerable 
improvements. 


Moscow, 1958 I. M. GEL’FAND 
G. E. SHILOV 
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CHAPTER | 


SPACES OF TYPE W 


This chapter contains an exposition of the theory of test function 
spaces of type W, which together with the spaces of type S (Volume 2, 
Chapter IV) will be used in Chapters II and III of the present volume 
for the study of Cauchy’s problem. The results contained in the present 
chapter have been summarized without proofs in Appendix 2 to 
Chapter IV of Volume 2. 

The spaces of type W are analogous to spaces of type S, corresponding 
to values « < 1 and B < 1, but due to the use of arbitrary convex 
functions in place of powers, these spaces are capable of a more 
precise description of the peculiarities of growth (or decrease) at infinity. 

In the same manner as for spaces of type S, for simplicity we shall 
first treat the case of one independent variable. The modifications which 
are necessitated by considering several independent variables are 
indicated in Section 4. 


1. Definitions 
1.1. The Spaces Wy 


Let u(&) (0 < & < o) denote a continuous increasing function, such 
that 4(0) = 0, 4(00) = 00. We define for x > 0 


M(x) = [ue 6 (1) 


The function M(x) is an increasing convex continuous function, with 
M(0) = 0, M(oo) = oo. Since p(&) increases with the increase of 6, 
so does its average ordinate x! M(x«), so that for arbitrary positive x, 
and x,, we have 


1 
Pa M(x) < M(x, +> X29), 
1 


x1 + X2 


M(x, + x2). 


| 
x) = x1 + Xg 


1 
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Multiplying the first inequality by x,, the second by x,, and adding, 
we obtain the fundamental (convexity) inequality 


M(x,) + M(x.) < M(x, + x). (2) 
In particular, for any x > 0 
2M(x) < M(2x). (3) 


Further, we define the function M(x) for negative x by means of the 
equality 


M(—x) = M(x). 


Note that since the derivative (x) of the function M(x) is unbounded 
for x > +00, the function M(x) itself will grow faster than any linear 
function as | x; — ©. 

We shall denote by IV,, the set of all infinitely differentiable functions 
g(x) (— 90 < * << &) satisfying the inequalities 


| p(x) | < Cye- Mo) (4) 


with constants C, and a which may depend on the function @. 

Since the function M(x) increases faster than any linear function, the 
function e~”“") will decrease faster than any exponential function 
(i.e., a function of the form e~“'*'); thus the test functions g(x) which 
belong to the space W,,, as well as all their derivatives, decrease at 
infinity faster than any exponential function. 

It is obvious that W,, is a vector space (with the usual operations). 
We introduce for this space, the following definition of convergence: 
a sequence [¢,(x)} 1s said to converge to zero if the functions ¢,(x) and 
all their derivatives converge to zero uniformly on any finite interval 
of the x-axis (such convergence is called regular convergence) and in 
addition the following inequalities hold: 


| PIM(x) | < Oe, (5) 


where the constants C, and a do not depend on », 

Let us show that the space W,, can be represented as a union of 
countably normed spaces. 

We denote by W,,_,, the set of all functions from the space W,, which 
obey the inequalities 


| p(x) | < C, exp[—M(ax)], 
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where the constant @ can be selected arbitrarily, but smaller than a. In 
other words, the space W,, , consists of those functions g(x) which 
satisfy for any 6 ~- 0 the inequalities 


| p(#) | < Cos exp[—M[(a — 8)x]]  (q = 0, I, 2,...). 


We define 
Nh exp (7 |. ( i) +|) Ca (6) 


The functions M,(«x) form an increasing sequence, M,(x) < M,,,,(x), 
and the functions (x) €« W,, , can be characterized as infinitely differenti- 
able functions for which the norm 


1 2 lip aes ube M,(x) | p(x) | (7) 
al-.p 


is finite for arbitrary p. This shows that the space W,, ,, coincides with 
the space K{M,} defined in Volume 2, Chapter II, Section 1, with 
a fixed sequence of weight functions (6). Therefore, all the results 
referring to the spaces K{M,,} may be applied to the space W,,_,. It is 
thus a complete countably normed space with the norms (7). We show 
that it is a perfect space. The condition (p), which is sufficient for the 
space K{M,,} to be perfect (Volume 2, Chapter I], Section 2), consists 
in the existence for any p of a number p’ > p, such that 


lim AS) 
ae M,(*) 


0. 
In our case, due to the convexity inequality, we have for any p’ > p 
ma( — A) «| +a[a(5-s-)>|<mlo( ~ +>], 
and consequently 
may (0 —e]—™ (0-7) 
< ex (—1 (; — + ax|) —> 0 
ae Pp p p’ ’ 


as required for the proof. 
According to the results of Volume 2, Chapter I, Section 2, a sequence 
plx)€ Wy, converges to zero if and only if the sequence ¢,(x) is 
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regularly convergent (i.e., the functions y?(x), for any g, converge 
uniformly to zero on any interval | x | < %) < 00) and the norms || 9, ||, 
are bounded for any p. 

The union of the spaces W,, , with all indices a = 1, },... obviously 
coincides with the space W,, . The convergence to zero in the space W,, , 
as described above, is the convergence to zero in one of the spaces Wy, , , 
and thus coincides with the concept of convergence defined in Wy, 
considered as a union of countably normed spaces. 

We now define bounded sets in the space W,,. According to the 
general definition of bounded sets in a union of countably normed 
spaces, set A C Wy, is said to be bounded, if it is entirely contained 
within one of the Wy, and is bounded in this space. In other words, 
the set A C Wy, is bounded if all functions g(x) € A satisfy the inequalities 
(4) with the same constants C, and a. In particular, a sequence ¢,(x) © Wy 
converges to Zero if (1) it converges to zero regularly, (2) it is bounded. 


Example 1. Let M(x) = x/*(x > 0), with a<1;_ then 
p(€) = (1/«) 0/1, The corresponding space W,, consists of infinitely 
differentiable functions q(x), satisfying the inequalities 


| p(x) | < Cyertei 


for certain C, and a which depend on g. Obviously, this space coincides 
with the space S, (Volume 2, Chapter IV, Section 1). 


Example 2. Let u(é) = In(é + 1)(€ > 0); then, for x > 0 
M(x) = [ing + 1) dé = (e + 1) In(x + 1) — x. 


According to the definition, the space W,, consists of the infinitely 
differentiable functions g(x) which satisfy the inequalities 


| P(x) | < C, exp(—a[(| x | + 1) In(j | + 1) — | |). 


In this case the functions g(x) admit a simpler description, which 
can be obtained by means of the following considerations. 

Formally one could have constructed a space W,, starting from any 
nonnegative continuous function M(x) (without taking into account 
whether this function has the special form (1); later we shall make use 
of this special form), by means of the definition (4). In this case, one 
may obtain the same space for different functions M,(x) and M,(x), 
Wy, = Wy, We indicate a simple sufficient condition for this equality 
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to hold. Assume that the functions M,(x) and M,(x) satisfy for suff- 
ciently large x > O the inequality 


Mi(y1%) < M,(72x) (8) 


with some positive constants y, and y,. Then we can assert that the 
inclusion 
Wu, - Wm, 


holds. Indeed, Eq. (8) can be replaced by an inequality, valid for all 
values of x > 0, by adding a suitable constant 


Mi(y1x) < Maly2x) + Ys - 
Hence, if g(x) e« Wy, , we have 
| p(x) | < C, exp[—M,(ax)] < C,’ exp[M,(a’x)], (9) 


with a’ = a(y,/72), Cy’ = Ce"; thus pe Wy, . 

Moreover, the inequality (9) shows that if the sequence 9,(x) con- 
verges to zero in the sense of Wy, , it does so also in the sense of W,, , 
since one can choose the constants a’ and C,’ in the inequalities (9) 
for the functions g(x) together with the constants a and C, inde- 
pendently of v. 

Further, if the functions M,(x) and M,(«) are such that for sufficiently 
large x > O 


M(x) < Mi(yex) < M(y1'2), (10) 


then both inclusions Wy, 2 Wy, and Wy, 9 Wy, hold, and thus 
Wy, = Wy,» 48 Sets; it is also obvious that the convergence in Wy, 
coincides with the convergence in W,,.. Two functions M,(x) and 
M,(x) satisfying the inequality (10) will be called equivalent; we have 
seen that equivalent functions define the same space. 

The function (« + 1) In(x + 1) — x, which appears in Example 2, 
is equivalent to the function x In x (which does not satisfy the defini- 
tion (1)); consequently, the corresponding test function space is also 
defined by means of the inequalities 


| p(x) | < C, exp(—a | x | In | x }) 


and the corresponding definition of convergence. 
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1.2. The Spaces W® 


Let w(y) (0 <7 < o) denote an increasing continuous function 
with w(0) = 0, w(%) = o; for y > O we define 


Ay) = fon) de, (1) 


The properties of the function Q(y) are entirely analogous to those 
of the function M(x), introduced in Section 1.1; in particular, the 
convexity inequalities hold: 


991) + MAy2) < Qi + ye); (2) 
22(y) < Q(2y) (3) 
We further define 
2(—y) = Q(y). 


We shall denote by W® the set of all entire analytic functions (2) 
(z = x +- ty), which satisfy the inequalities 


| a*p(z) | < CeO (4) 


where the constants C, and 6 depend on the function 9. 

It is obvious that W* is a vector space with the usual definitions of 
the operations (over the field of complex numbers). We introduce for 
this vector space the following definition of convergence: a sequence 
p(s) € W2 is said to converge to zero if the functions 9,(z) converge 
uniformly to zero in any bounded domain of the z-plane (this will be 
called regular convergence) and in addition satisfy the inequalities 


ak, (2) | < Cer, 


where the constants C, and b do not depend on the index v. 

The space W® can be represented as a union of countably normed 
spaces. Indeed, let us denote by W2~ the set of those functions in W? 
which satisfy the inequalities 


| ee9(2) | < Cy exp[Q(sy)], 


where 4 can be any constant larger than 6. In other words, the set W2 
consists of those entire functions which for any p ~- 0 satisfy the ine- 
qualities 


Be P(Z) | ~ Crp exp[2[(b + py’). 


].2 Definitions 7 


In the space W°. we define the norms 


1 ® flee == sup, | 2*p(z) | exp(—2[(6 + p)y)). (5) 


Let us show, that with the norms (5) the space W®-’ becomes a complete, 
perfect, countably normed space. 


1. The norms || @ |lxo agree with each other. Indeed, if the sequence 
gp, € W2-’ is fundamental with respect to two norms || p,||;p and || @ lle.o, 
(i.e., satisfies in each of these norms the Cauchy condition) and 
converges to zero with respect to one of the two norms, then, in any 
case, the functions 9,(z) converge to zero at each point; it follows 
that the limit of the sequence is zero also with respect to the second 
norm. 


2. The space W®-' 1s complete. The completion of the set W%® 
with respect to one of the norms || ¢ ||, consists of all entire analytic 
functions with finite values of || ¢||,,. The intersection of all these 
completions with respect to the indices k and p consists of those 
entire analytic functions, for which || ¢||,, is meaningful for any k 
and p, i.e., coincides with the space W®.®. According to the theorem in 
Volume 2, Chapter I, Section 3.2, this fact guarantees the completeness 
of the space. 


3. The space W®° is perfect. The proof of an analogous assertion 
for the space © = K{M,} (given in Volume 2, Chapter II, Section 2) 
was based on the condition that any sequence of test functions 
{p(x)} which is bounded with respect to all norms of the space 
and which converges regularly (i.e., converges uniformly on any finite 
interval, together with all the derivatives) also converges in the topology 
of the space ®. 

In the present case it is easy to verify that this assumption holds. 
It follows that the result also holds, i.e., the space W®- is perfect. 


Obviously, the union of all countably normed spaces W2 with 
b == |, 2,... coincides with the space W®. The convergence to zero in 
the space W®, as described above, is the same as convergence to zero 
in one of the spaces W®-8 and consequently coincides with the concept 
of convergence to zero which is defined in W® by considering it as the 
union of the spaces W®, 

We define bounded sets in the space W®: according to the general 
definition of a bounded set in a union of countably normed spaces 
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(Volume 2, Chapter I, Section 8), a set A C W® is said to be bounded 
if it is entirely contained in one of the W® and is bounded in that latter 
space. In other words, the set A C W® is bounded if for all functions 
g(z) € A the inequalities (4) are fulfilled with the same C, and 6. Thus, 
a sequence ¢, € W® converges to zero if: (1) it converges regularly to 
zero, (2) it is bounded. 

In the same manner as in Section 1.] one can show that for equivalent 
functions 22,(y) and 2,(y) the spaces W% and W*: coincide as sets as 
well as in topology. 

We shall have occasion to use later the following particular examples 
of W® spaces. 


Example 1. Let w(y) = (1 — B)-!y/0-)-! for n > 0, Q(y) = y~Va-A) 
(8 < 1). The space W® consists of all entire analytic functions satisfying 
the inequalities 


| 2*p(z) | < Cy exp(d | y |)VO, 


and therefore coincides with the space S® (Volume 2, Chapter IV, 
Section 2). 


Example 2. Let w(n) = e? — 1 for n > 0, Qy) = f (ec? — 1) dy = 
ev — y— |, This function Q(y) is equivalent to the function 2,(y) = e¥. 
Therefore the space W® can in this case be defined by means of the 
inequality 


| s*p(z) | < Cy exp(e?!¥!) 
where the constant C,, and 6 depend on the function ¢, together with 
the appropriate convergence. 

1.3. The Spaces Wy® 


Let p(&) and w(n) (0 < £,n < 0) denote a pair of increasing con- 
tinuous functions; define for x > 0, y > 0: 


M(x) =f H@) ds, y) = fon) de 


and forx <0, y <0 
M(x) = M(—x), — Q(y) = 2(—y). 
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The functions M(x) and Q(y) are the same as those introduced in 
Sections ],] and ].2. 

We denote by W,,° the set of all entire analytic functions 9(z) 
(z = x + ty) which satisfy the inequalities 


ioe + ty) | < Cexp[—M(ax) + Q(4y)] (1) 


where the constants a, b, and C depend on the function ¢(z). 

Obviously W,,° is a vector space with the usual operations. We define 
for this space the following concept of convergence: a sequence 
pz) € W,,? is said to converge to zero if the functions 9,(z) converge 
uniformly to zero in any bounded domain in the 2-plane and in addition 
the inequalities 


| pfz) | < Cexp[—M (ax) + Q(by)] 


hold, with constants C, a, b which do not depend on the index v. 

The space W,,? can also be represented as a union of countably 
normed spaces. We denote by W¥;", the set of those functions of the 
space W,,? which satisfy the inequalities 


| p(x + ty) | < C exp[—M (ax) + Q(6y)), 


where @ is any constant smaller than a, and 6 is any constant larger 
than b, For » € Wx;", we define 


II P lloo = sup. | (2) | exp(M[(a — 8)x] — 2[(6 + p)y). 


These norms evidently satisfy all axioms required of a system of norms. 
The proof of the fact that with this system of norms W¥,’, becomes 
a perfect countably normed space is identical to the proof carried out for 
the case of the space W?, 

The union of all spaces W%-’, with respect to all a = 1, $,.., and 
b = |, 2,... obviously coincides with the space W,,°, and the convergence 
in the latter space is defined in the same manner as in a union of countably 
normed spaces. In the same manner as in the spaces W,,,, and W®», 
a sequence ¢,(x) € W,,° converges to zero if and only if: (¢) it converges 
regularly to zero, and (2) it is bounded. A set A C W,,® is said to be 
bounded if it is entirely contained in some W;°, and is bounded in this 
space; in other words, the set AC W,,° is bounded if all functions 
g(z) € A satisfy the inequalities (1) with the same values of a, b, C. 

Equivalent functions M,(«) and M,(«), £2,(y) and 2,(y) (cf. Section 1.1) 
define the same space: Wyp == W37, both as sets and in topology. 
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Examples. Combining the functions which were introduced earlier: 
M(x) = x, M(x) = xInx, 2(y) = yVO-P, Q(y) = ev (a <1, 
B < 1), we obtain the four spaces: 


$2 £2 $2 $2 
We, We, Wee, wh 


The space Wie consists of the entire functions g(x + ty) satisfying 
the inequalities 


| ox + y¥)| < Cexp[—a| x |" + bl) y |VO-P), 


and consequently coincides with the space S,? (Volume 2, Chapter IV, 
Section 2). In the three remaining cases new test function spaces are 
obtained, with the functions satisfying the inequalities 


Wie: | Ax + ty) | <Cexp[—a | x |= + eblvl]; 


Wah: | 9% + iy) | < Cexp[—a| xInx| +b) y /-#), 


Ms 
Wize: | p(x + ty) | < Cexp[—a| xInx| + e®lv!). 


In what follows we shall denote by W2" the space Wy,?? with 
M(x) = x", Qy) = ys (ry > 1,5 > 1). A similar sense should be 
attributed to the notation W,’. 


1.4. The Problem of Nontriviality of the Spaces Wy 


In the same manner as in the spaces S,°, some spaces W,,° may turn 
out to be trivial (1.e., consisting only of the single function g(z) = 0). 
For instance, this will always be so, if 


lim [2(6x) — M(ax)] = — 00 (1) 


for arbitrary a and b. Indeed, let (1) be true and me W,,?. This means 
that for some a and b 


| (2) | = | (x + ty) | < C exp[—M(ax) + Q(y)) 
Then, also 


| (zz) | = | pix — y) | < Cexp[—M(ay) + Q2(6x)); 
whence 


| p(z)p(zz) | < C? exp[—M(ax) 4+ 2(6x)] exp [—M(ay) + 2(6y)]. 
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According to condition (1), the function g(z) p(tz) is bounded for 
sufficiently large | z |, and hence, by Liouville’s theorem, it is constant. 
Since, in addition, (1) implies that lim,,.. p(x) y(tx) = 0, it follows 
that »(z) p(tz) = 0, and hence g(z) = 0. 

A class of nontrivial spaces of type W will be indicated below. 

A continuous function U(x) (x > 0) will be called a slow function, if 
for any « > 0 and sufficiently large x > x9 = x,(e) the inequality 


Cline <x) Cx (2) 


is verified. 

B. Ya. Levin has proved the following theorem, which is one of the 
results of his theory of the generalized growth indicatrix for entire 
functions of finite order. 

For arbitrary p > 0 and any slow function lx), there exists an entire 
analytic function y(z) 4 0, for which 


| p(x% + ty) | < C exp[—Ux) | «|? + yl(y) | y 17] 


with some constants C and y. 

This theorem implies the nontriviality of the space W,,° with 
M = Q = Ix) x”, where I(x) is a slow function. 

Obviously, at the same time the nontriviality is established for any 
space Wy, with M = x) x?, 0,(x) > Ux) x”, since the latter space 
contains the notrivial space W,,”. 


1.5. On the “Richness” in Functions of the Spaces Wy 


Let us assume that a given space W,,° is nontrivial. Therefore, for 
some a > 0, b > 0, there certainly exist nontrivial spaces Wyy:? ; we 
shall call the corresponding pairs of numbers (a, }) ‘‘admissible.” Since 
fora < a,b > by we have —M(ayx) < —M(ax), 2(byy) < Q(by), the 
region of admissible values of a and 6b will contain together with any pair 
ay, 6), all pairs with a < ay, b > by. Replacing the function g(z) € Wy", 
by (Az) with positive A, one can see that, together with any admissible 
pair (a, b), the pair (Aa, Ab) will also be admissible. Thus the region 
of admissible pairs (a, b), together with any pair (a), 5)), contains all 
pairs which satisfy the relation b/a > by,a,. It follows that the total 
region of admissible pairs (a, 6), in the quadrant a > 0, 6 > 0 of the 
(a, b)-plane, represents a certain angle defined by the inequality 
tan(b/a) > y (or by the inequality tan(b,a) > y), where y depends on 
the functions M(x) and (4). 
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All nontrivial spaces of type W are sufficiently “rich” in functions, in 
the sense indicated in Volume 2, Chapter IV, Section 8; namely, 
if for some locally integrable function f(«) and any test function (x) 


J foot) x = 0 


then f(x) = 0 almost everywhere. 

The proof can be given following the scheme of reasoning used for 
the proof of the same property of spaces of type S (Volume 2, Chapter IV, 
Section 8). 

On the basis of the result of Volume 2, Chapter IV, Section 8.8, it 
follows that any nontrivial space of type W is densely embedded in any 
normed function space E D W, with the norm defined as 


lel = { , M(x) | ox) | de. 


2. Bounded Operators in Spaces of Type W 


In this section we show that in the spaces of type W which were 
introduced in Section 1, the operations of differentiation and multi- 
plication by the variable x, as well as multiplication by some entire 
analytic functions, are defined and continuous. 


2.1. Operations in the Space Wy 


1. ‘THE OPERATION OF DIFFERENTIATION 
Let (x) © Wy, , so that 
| p(x) | < Cie", 
Then the function ,(x) = ’(x) will satisfy the inequalities 


| pi (x) | = | ptt h(x) | < Cee, 


i.e., the function g,(x) also belongs to the space W,,. Obviously any 
bounded set in the space W,, is transformed by differentiation into 
another bounded set. Thus the operation of differentiation is bounded 
in W,, and consequently is a continuous operation. 
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2. THE OPERATION OF MULTIPLICATION BY x 


Let g(x)e Wy,, so that | p@(x)| < C,e-™@), Then the function 
g(x) == x(x) satisfies the inequalities 


| Pi7(%) | = | Pep)? | < | xpP(%) | + | p"(*) | 
< |x| Cye~M lan) + gC, eo M2), 
For any positive 6, the inequality 
| x | em Mian) < Cye-MLla-8)z] (1) 
holds; indeed, according to the convexity condition (Eq.(2) in Section 1.1) 


| x | e7M (az)+M[(a—-8)a] <a | x | e7M (62) | 


and thus the quantity which has been obtained is bounded, due to the 
exponential decrease of e~¥ (5), 
Making use of the inequality (1) we obtain 


| p(x) | << C CyeMUa~"] 4 ge“ Mian) < Ce Mlla~00a1, 


where C,’ = C,C, + qC,_, . It follows that the function »,(x) belongs 
to the space W,,. 

It is also obvious that any bounded set in the space W,, is taken into 
a bounded set by multiplication with x. Thus the operation of multi- 
plication by x is bounded on the space W,, and consequently 1s a con- 
tinuous operation. 


2.2. Operations in the Space W? 
|. THe OPERATION OF DIFFERENTIATION 
Let o(z) © W®, so that 
| a*@(z) | < Cee) 
Assume that ,(z) = 9’(z). Then 


| 2%pi(2) | = | [2"p(2)]! — k2*~Ig(z) | 
< | [2"e(2)]" | + 21 2°92) |; 
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further, applying Cauchy’s differentiation formula, with the integral 
taken over a circle I’ of radius 7 centered in the point z = x + 1y, y > 0, 


BOY = 35) Geel: 


it follows that 
| [2*ep(2)I" | < (1/7) max | €*9(E) | < (r)ce20r, 


Since the function Q(y) increases monotonically, and for sufficiently 
large y, 
Oy +1) <(6 + ny, 


we will also have for the same values of y 
2[b(y + 1)) < Q[(6 + ry]. 
The following inequality certainly holds for all values of y: 
Qo(y + 7)] < Q6 + ry] + C,. 
Thus, for y > 0 


| [a*e(2)]’ | < C,,e%ter, 
where 
Cyr = (l/r) Ce . 
Further, 
k | 2k lo(z) | < RC, 02) < RC, erry); 


as a result of the preceding inequalities we obtain: 


| z*ep,(2) P< Cg + kC,_ jet) < C,_eoltorrivl; 


which means that ¢,(z) belongs to the space W®. A similar evaluation 
can be carried out also for y < 0. Obviously, the operation of differenti- 
ation carries a bounded set of the space W® into another bounded set. 
Thus differentiation is a bounded, and hence continuous operation on 
the space W®. 


2. THe OPERATION OF MULTIPLICATION BY 2 


Let g(z) € W®, so that 


| e*@(2) | <= C,eey), 
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Putting 9,(z) = z¢(2), we obtain 
| 2%q,(z) | = | z*+@(z) | < Cy, e2™, 


1.€., (2) also belongs to the space W®., It is obvious that multiplication 
by z takes any bounded set in W® into another bounded set. Thus the 
operation of multiplication by z is bounded, and hence continuous in W®, 


2.3. Operations in the Space Wy” 


1. THE OPERATION OF DIFFERENTIATION 
Let o(z) € W,,%, so that 


| 92) | = Ce-M az) +aloy) 


We define ¢,(z) = ¢’(z); making use of the Cauchy formula with the 
same circle I’ of radius r (< a) as before, we find 


| pi(2) | < (1/r) max | o(€) | < (Cir) expt M[(x — ra] + 2[6(y + 7)]} 


(for simplicity we have assumed that x > 7, y > 0). In the same manner 
as in Section 2.2.] we have the See 


Qlb(y + 7r)) < C," + Q[( + ry] 
and similarly 
M[a(x — r)) > C, + M[(a — r)x]; 
therefore we obtain 
| plz) | < C, exp{— M[(a — r)x] + Q[(6 + r)y}}. 


Consequently, ¢,(z) belongs to the space W,,°. As before, differen- 
tiation is a bounded, and hence continuous operation in the space W,,%. 


2. THE OPERATION OF MULTIPLICATION BY 2 
Let o(z) € W,,°%, so that 
| p(2) | < C exp[—M(ax) + 2(dy)]. 
We define 9;(z) = zp(z). Then 
| ei(2) | = | 29(2) | < C| 2 | exp[M(ax) + Q(6y)] 
< C| x | exp[—M(ax)] + Cl y | exp[Q(ey)] 
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In the same manner as in Section 2.1.] we derive the inequality 
| pi(z) | < C, exp[ -—M[(a — r)x] + Q[(6 + r)y)). 
and similarly 


ly | exp{Q(by)} < C, exp{Q[(s + p)y}; 


therefore 


| pi(2) | < Cop expt —Q[(a@ — 8)x] + Q[(6 + p)y}} 


which implies that ,(z)¢ W,,°. Obviously, multiplication by z is 
a bounded, and hence continuous operation in the space W,,°%. 

In fact, the reasoning we used above shows that the operations of 
differentiation and multiplication by the independent variable are also 
defined and bounded (and hence continuous) in the “finer” spaces 
Waa», We, and WH, . 


2.4. The Operation of Multiplication by Entire Analytic Functions 


Theorem 1. Let the entire analytic function f(z) satisfy the ine- 
quality 
If(@) | < Ceo (1 +- | x |"). (1) 


Then the function f(z) ts a multipher in the space W® and at the same 
time takes the space W°»° into the space W2°+, 


Proof. By definition y(z) € W®, and according to the inequality (1) 
we have for any p > 0 


| 2*f(2)(2) | < Cy exptl(d + p)y]}} Cexp[M(Goy)C + 11"). (2) 
Making use of the convexity condition, Eq. (2), Section |.1, we obtain 
| 2*f(z)p(2) | < Cr + | ¥ |”) explQ[(6 + 0 + p)y]]. (3) 


This inequality is valid for any k = 0, 1, 2,...; replacing! k by k + A, 
we obtain the inequality 


azole) | < Cf LATE exploqe + 05 + ebT (4 


1If h is not an integer one may choose in this calculation the closest larger integer. 
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Combining (3) and (4) we have 
1+ |x|" 


| |" 


| 2*f(z)p(z) | < exp[2[(b + b9 + p)y]] min }C,/(1 + | x |"), Cy 
< CY exp[Q[(6 + by + p)y]], 


1.e., the product f(z) m(z) belongs to the space W%.5+%, Making use of 
the relation between the constants (C7 < 2(C,’ + Cy)) it can be seen 
that the operator of multiplication by the function f(z) is bounded in 
the space W?, 


Theorem 2. Let M(x) and Q(y) be the functions defining the space 
Wy°. Then the entire analytic function f(z) satisfying the inequality 


|f(z) | < C exp[M(apx) + 2(4)] (5) 


defines a bounded multiplication operator in the space WX, for a > ag 
and takes the space W%;°, into the space W2:>*?o 


m,a—ag 


Proof. According to the definition of the function o(z) « WR;%, and 
the inequality (5), we have, for aibitrary 5 and p 


f(z) p(2) | < CC, exp[M (ax) — M[(a — 8)x] exp(2(doy) + 2[(6 + p)y))]. 
Making use of the convexity inequality (2), Section 1.1, we have 
M(ax) — M{(a — 8)x] < — M[(a — a — 8)x], 
(boy) + 2b + ply] S QUE + 40 + p)y). 
Thus we obtain 
| f(2)@(2) | < C’ exp[—M[(a — ay — 8)x] + 2[(6 + bo + ply. (6) 


Hence, the product f(z) (2) belongs to the space Wy;"*"@ . The relations 
among the constants show that the operator of multiplication i is bounded 
in the space W7?, . 

The following remark completes the theorems we have proved: 

Let the entire analytic function f(z) satisfy, for any « > 0, an inequality 
of the form 


f(z) | < Ce (7) 
or of the form 


| f(z) i< < ¢, eM lex) + Qey) (8) 
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Then the function f(z) is a multiplier in any space W2 or W2,>, 
respectively, 

The proof is a repetition of the proofs of Theorems | or 2, respectively, 
with a, and by replaced by « and making use of the conclusion that in 
this case the inequality (6) implies fp € W%;° . 


Example. For any real o the function f(z) = e’ is a multiplier in 
any of the spaces W2”, Wy". 
Indeed, the inequality 


| eio% | ra elailyl, 
holds. But for any convex functions M(x) and Q(y) and arbitrary « > 0 
one can write the inequalities 
loliy| <Qey) + C,, 
lolly | < M(ex) + Qey) + C,, 


which, for f(z) = e* imply the inequalities (7) and (8); thus f(z) is 
indeed a multiplier in the spaces W®-) or Wz", as stated. 


3. Fourier Transforms 


We recall that a test function space Y is called Fourier-dual? with 
respect to a given test function space ®, if Y consists of those functions 
y(c) which are Fourier transforms of the functions g € ® 


Wa) = [gaye de, 


In this section we shall indicate the spaces which are Fourier-dual to 
the spaces Wy, ,,, W9”, and W3,°, . As in the previous volumes, we shall 
denote the Fourier-dual of a space ® by ©. 


3.1. Dual Functions 


We first introduce the important concept of functions which are dual 
in the sense of Young. Let the functions M(x) and 2(y) be defined by 
Eqs. (1) of Section ].] and (1) of Section 2.1, respectively. If the functions 


2 "The Russian term ‘“‘dvoistvennyi” has been translated here as ‘“‘Fourier-dual’’ to 
distinguish it from the term dual (used for the space of continuous linear forms on a 
given space) which is often used to translate the Russian “‘sopryazhennyi”’ (= conjugate). 
(Translator’s note). 
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p(€) and w(n) which occur in these equations are mutually inverse, 1.e. 
p[w(y)] = 7, w[pn(€)] = €, then the corresponding functions M(x) and 
Q(y) will be said to be dual in the sense of Young. In this case the geomet- 
rically obvious Young inequality 


xy < M(x) + Qy) (1) 


holds for any x > 0, y > O(cf. Fig. 1). For any x one can finda y = y(x) 
which with the given x turns the inequality (1) into an equality. 
Obviously, one has to take p(x) as this y. 


Fic. 1. 


The following pairs of functions are examples of functions which 
are dual (in the sense of Young): 


M() = ="Ip, 20) = 94, 54 = 1s (2) 


M(x) = («+ IInfe + 1)—%x, 27) = ev -—y — I. (3) 


We leave it to the reader to verify the duality. 
Let us note a few properties of dual functions which will be useful for 
the following. 


Lemma. Jf M(x) ts dual to 2,(y), My(x) ts dual to Q(y), and 
M(x) < M,(x) for sufficiently large values of x, then 2,(y) > Q(y) for 
sufficiently large y. 


Proof. Assume that the inequality M(«) < M,(x) holds for x > x,. 
Let us determine the y = y(x) > y(x,) for which the equality 


xy = M(x) + 2(y) 
holds. For the same x and y 


xy = M(x) + 2,(y). 
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Hence 
M(x) — M,(x) + 2,(y) — 2(y) = 0, 
0< M(x) — M(x) < Q(y) — 20), 


and consequently, for y > y(x,) the required inequality 2,(y) > Q(y) 
holds. 


3.2. Duality Theorems for the Spaces Wy, and W?? 


Theorem 1. Let M(x) and 2(y) be a pair of functions which are dual 
in the sense of Young. Then 


Wa C Wo, (1) 
1.€., the Fourter-dual of Wy, « is included in the space W2 1/4, 


Proof. For | &|— o the function e™(¢@) increases faster than e** 
for any 4 > 0. Therefore for | « | — 00 the test functions (x) e Wy, q 
decrease faster than e~” for any A > 0. Consequently, the Fourier 
transform 


Wo) = [axe dx 


of the function o(x)e Wy, can be extended to complex values of 
s = o + ir according to the definition 


Wo + ir) =f olayetorine dx, (2) 


where the integrals remain absolutely convergent. 
The function (s) is differentiable for any s. Indeed, after a formal 
differentiation with respect to s, the integral in (2) becomes 


oO 
00 


but according to the result of Section 2.1.2 the function x(x) also 
belongs to the space W,,,,, so that the integral remains absolutely 
convergent; this guarantees the existence of the derivative of the function 
%(s) on the basis of the well-known rules for differentiating improper 
integrals depending on a parameter. 
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Thus ,(s) is an entire analytic function. We have further 


(sys) = [_ p(apet** de. (3) 


Since (x) € Way a» 
S449) |< Cre f _ expl—M(a — 8)x] + ||| #] ae. (4) 


We further apply the Young inequality (1), Section 3.1, replacing in 
it x by y| «| and y by (1/y)| 7 |, with y = a — 28, The exponent in (4) 
can be transformed as follows: 


—M{(a — 8)x] + | x |! 7 | < —M[(a — 8)x] + M(yx) + Q(z/y), 


and we thus get the estimate 
| SHY) | < Ces explOr/y)] [| expl—MI(a — 8)x] + MI(a — 28)x] dx 


< Cys exp[2(z/y)], 


due to the fact that the integral 
f ” exp[—M[(a — 8)x] — M[(a — 28)x]] dx < f ” exp[—M(dx)] dx 


has a finite value. The quantity 1/y = 1/(a@ — 26) can be represented 
in the form (1/a) + p, where p is arbitrarily small, together with 6. We 
thus obtain the result that the function #(s) belongs to the space W%-1/¢, 
where §2(y) is the dual in the Young sense to the function M(x). We note 
at the same time that the Fourier operator maps a bounded set Ad C W,, , 
into a bounded set A C W®2.1/4 and hence is a continuous operator. 


Theorem 2. Let M(x) be the function which is dual in the Young 
sense to 2(y). Then 


W?? C Wry ajo - (5) 


Proof. ‘The function g(x + ty) € W®, vanishes faster than any 
power of |/| x |, as | x | — oo, uniformly in any strip | y | < yo, and in 
this strip the absolute value of the function e’” remains bounded. 
Therefore using Cauchy’s theorem in the expression for the Fourier 
transform 


Wo) =f ola)e dx, 
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one may replace the integration path by any horizontal straight line 
without modifying the result 


yi(c) = i (x + ty )et\a+in)o ax. (6) 
Differentiating (6) with respect to o we obtain 
Wo(o) = [" (éayrozyer™ dx, (1) 


where the differentiation under the integral sign is legitimate due to the 
absolute convergence of the resulting integral. It follows from (7) that 


[a |e" | ef 


| b'2(a) |< | | 249(2) aed dx < ev | ——eaey | 7(2) | dx, 


by making use of the obvious inequality 


| 2 jet? + | ele. 


jaye ce 


further, making use of the definition of y(z), we obtain the estimate 


| p'M(a) |< eC. + Ca ellot+edy] < Coe e7tY el lb+e)¥), (8) 


-a+2 
Until now y has been an arbitrary number. Let us now choose the sign 

of y in such a manner that the equality cy = | «|| y| be satisfied, and 

the absolute value of y so that the Young inequality (1) in Section 3.1, 

with y replaced by (6 + p)| y | and x replaced by | o |/(b + p), becomes 

the equality 

| o| 


b+ p 


ioiiy| = M(~2-) + 216 +) 191) 


Then the exponent in (8) becomes 


—oy + 26 + py] = — lolly + 6+ ply) = ~M(FZ4). 


Replacing 1/(b + p) by (1/b) — 8, where 64 is arbitrarily small together 
with p, we obtain the inequality 


| (a) | <Cye —M iG — 8) x], 


1.€., (a) E War .ilb é 
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Combining Theorems | and 2 and taking into account the fact that 
G(x) = g(—x) we obtain the following fundamental result: 


Theorem 3. Jf the functions M(x) and Q(y) are mutually dual in 
the sense of Young, then 


Tae = WP Wy ay. ) 


The Fourier operator which maps W®-? onto Wy, 1), is also a continuous 
operator. This can be proved directly, or by making use of the one-to-one 
character of the mapping together with the theorem on the continuity of 
the inverse operator (Volume 2, Chapter I, Section 7). 

In addition to Eqs. (9) the following Fourter-duality relations hold for 
the spaces My, and W®: 


and the Fourier operator is continuous in thts case too. 

If convenient, the sign ~ in Eqs. (9) and (10) can be understood as 
the inverse Fourier transform, rather than the direct one, since each of 
the W spaces contains the function g(—.x) together with the function 
q(x). The same is also true for the relations which will be derived in 
the following section. 


3.3. Duality Theorems for the Spaces Wi? 


Theorem 4. Let 22,(y) and M,(x) be the functions which are dual 
in the sense of Young to the functions M(x) and Q(y), respectively. Then 
Wa mae (1) 


Proof. In the expression for the Fourier transform of the function 
p(x) € Wri 


Wo) = J oleate 


one can, due to the analyticity of p(« + zy) and its exponential decrease 
along the real axis in the z-plane (which is uniform in any horizontal 
strip), shift the integration contour into any horizontal straight line, 
as was done in Theorem 2; on the other hand, one can carry out an 
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analytic continuation, replacing o in both sides of the equality by 
s =o + tr, as was done in Theorem |. This results in 


Wo + ir) = [ole + ty) expli(x + io + ix)] dx, 
An estimate of the absolute value yields 


lo + i)\< Coy J expl—MI(a—d)x] + 2[(0 + ppl] exp[—yo—ar] dx 
< Crp exp[—oy + O[( + py] 
x fc exp[—MI(a — 8)x] + | x | | + [] dx. 


Carrying out the same transformations of the integral as were used in 
Theorem |, the integral will be replaced by the larger quantity 


Cy e2a(7/a-28), 


Choosing y as in Theorem 2, and carrying out the same transformations 
of the factor in front of the integral, as in Theorem 2, this factor will be 
replaced by exp[—M,a/(b + p)]. Setting 


where 6, and p, are arbitrarily small together with 6 and p, we obtain 
the estimate 


| b(o + ir)| < Cie, exp [—™, (5 = 5,) o| + 22, (- + p:) “|| ) 


where C5, = C,,C;. Thus (oc) € Wait: 8 at the same time it is 
obvious that the Fourier transform % = ¢ is a bounded operator which 
maps Wy;", into Wiptis - 

Applying the same reasoning to the space Wy7! ‘ts we find that it is 
mapped by the Fourier transformation into thes space We. Due to 
the uniqueness of the Fourier transform both mappings are one-to-one. 
One thus obtains the assertion of the theorem. 

Together with Eq. (1), the duality relation for the space W,,° is also 


true: 


We = We, (2) 


where the Fourier transform is also a continuous operator. 
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Examples. Defining 


and, for simplicity of notation, replacing the symbols of the functions M, 
Q,, M,, 2 by the respective powers p, q,7, s (as indicated at the end 
of Section |.3), we obtain the relations 


W, = Werle, Wi = Ws, (3) 
Wes Weir 7 = W, . (4) 
Wea Win pe (9) 


4. The Case of Several Variables 
4.1. Definitions of Test Function Spaces 


Let the functions M,(x«,),..., M,(x,) (each depending on one variable) 
be given; assume they satisfy the conditions given in Section |. By 
definition the space Wy, 4, = Wy, consists of all infinitely differen- 
tiable functions g(x) = ¢(x,..-,%,) which satisfy the inequalities 


out’ , ‘+9ng(x) 


Oxi + Gxt < C, exp[—M(q,x,) — + — My (GnXp))- (1) 


| D'g(x) | = 


A sequence ¢,(x) € W,, is said to converge to zero if: (a) the functions 
g(x) and their derivatives of any order converge to zero uniformly in 
any bounded region (regular convergence) and, (b) in the inequalities (1) 
for the functions one may choose the constants C,, @,,...,@, inde- 
pendently of v (uniform boundedness). 

Let 2,(,),..-, Qn(v,) be analogous functions of y, ,..., ¥_, ; by defini- 
tion, the space W%1.---*1 = W* consists of all entire analytic functions 
of the n complex variables z; = x; + ty; , for which 


| 2%q(z) | = | afro: ai (2, %) 1 SG, exp, (6y,) + + 2,(6,9,)I- 
(2) 
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A sequence 9,(z) € W® is said to converge to zero if: (a) the functions 
pz) converge to Zero uniformly in any bounded domain of the n-dimen- 
sional complex space (regular convergence), and (b) the constants C,, , 
b, ,..., 5, in the inequalities (2) written for the function ¢,(z) can be 
chosen independently of v (uniform boundedness). 

If both M,(x;) and 2;(y;) are given, we can also construct the space 


beets. 


| pz) | < Cexp[—M,(a,x,) — ++ — M,(ayx,) + 2)(6)91:) 4 + 2n(On¥n)] 
(3) 


A sequence of functions ¢,(z) is said to converge to zero in this space if: 
(a) the functions ¢,(z) converge to zero uniformly in any bounded domain 
of the n-dimensional complex space (regular convergence), and (b) the 
constants C, a, ,..., @, , 5, ,..., 6, in the inequalities (3), written for the 
functions »,(z), can be chosen independently of v. 

Replacing the constants a; by a, — 8, and 5, by b; + p; in the above 
inequalities keeping the constants a; and b, fixed, and requiring the 
validity of the inequalities (1)-(3) for all positive 5; and p;, we obtain 
the definitions of the spaces Wy, ,, W2, and W2;", ; these are (countably 
normed) perfect topological vector spaces and their unions yield the 
appropriate spaces W,,, W°, and W,,°. 


4.2. Operations in Test Function Spaces 


In all the indicated spaces the operations of differentiation ¢/éx; and 
multiplication by x; (or 0/@z; and z;, respectively) are defined and 
continuous. The proof is the same as in Section 2; in making use of 
the Cauchy formula the integration contour is chosen in the appropriate 
x; + ty; plane. 

If the entire analytic function f(z) satisfies the inequality 


Liginserea)| 
< Cexp[2(4,°y1) +o + 2n(bn'Yn)\ + | I) ov E+ 1 en |"), 
then it is a multiplier in the space W®, and for any function » « W°? 


the product fp belongs to the space W2.>+” 
If the analytic function f(z) satisfies the inequality 


FSi jee) 
< C exp[—My(ayox,) — + — My(a,°x_) + Qy(by%),) + + QnOnvndh 
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then for any function ge WH?, with a; > a,° (j = 1, 2,...,m) the 
product fp belongs to the space W2,2+), . 

In particular, the function f(z) = exp[z(o, z)] = exp[#(o,2,;+-+-++0,2,)] 
is a multiplier in any of the spaces Wi,°, for any real o,,..., 0, . All 
these assertions can be proved exactly in the same manner as the anal- 
ogous propositions were proved in Section 2 for functions of one 


variable. 
4.3. Duality Theorems 
The Fourier transform 
(Gy y+) On) = ie | om yevry Xn) EXP[Z(X]O, + ++ + XyGn)) dx, dx, (1) 


of the function g(x) is a bounded operator which takes 
the space 


racine won LoL) 
1 n 
the space 
W2>into Waa — (¢ = (G- 7 )), 


and the space 
wee ; QyM/a 
Ma into Warts . 


Here M, and 2, are functions which are dual in the sense of Young, 
to the functions 2 and M, respectively. This assertion can be proved 
by using the method of Section 3 and making use of the fact that 
after applying the estimate (1) (or (2) or (3), respectively) to the function 
g(x), the integrand in (4) becomes a product of factors, each depending 
on only one coordinate z, and one coordinate s,. Therefore the integral 
becomes a product of factors, each of which can be treated according 
to the methods of Section 3. 


4.4, On the Nontriviality and “Richness” in Functions of the 
Test Function Spaces 


The problem of nontriviality of the spaces W,,° can be reduced to 
the corresponding problem for each of the spaces W,7) with 7 fixed. If 
all these spaces are nontrivial, and if », € Wiz is a nonvanishing function, 
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then the product []f.1 ¢; will also be nonvanishing and will belong to 
the space W,,°. If even for one j the space W,7) is trivial, the whole 
space W,, is trivial, since any function g(z) € W,,° considered for fixed 
2, (k # j) asa function of z; isa member of the space Wyj. In particular, 
the space W,,° will be nontrivial if the sufficient condition of nontrivi- 
ality, formulated at the end of Section 1.4, is satisfied for any pair M, , 
,. All the results of Section | referring to the denseness of the space 
Wy? in the normed space E can be formulated in the m-dimensional 
case in an obvious fashion. 


CHAPTER II 


UNIQUENESS CLASSES FOR THE 
CAUCHY PROBLEM 


1. Introduction 


In this, and the following chapters, we treat some applications of the 
theory of generalized functions to general existence and uniqueness 
problems for linear partial differential equations, 

We restrict our attention to the investigation of the Cauchy problem, 
mainly for equations with coefficients which do not depend on the 
spatial variables. We shall not be concerned with other types of problems: 
boundary value problems, mixed problems with general boundary 
conditions, etc., since the methods of generalized functions are not yet 
sufficiently developed in this direction! We hope however, that the 
methods which have been developed for the investigation and solution 
of the Cauchy problem will turn out to be useful in the future also 
for the solution of other kinds of problems. 

We shall consider systems of partial differential equations of the form 


ee t) 


=> P,(2 —) tex t)- SGD ngn), (1) 


where P;,(s) are polynomials in s with constant coefficients.? To this 
form one can reduce the formally more complicated systems 


OHiu(x,t) x 6 8 @ 
Bo Pan (Sp Gap 9 Gag) Mal Os (2) 


where the order in 0/ét of the polynomial P,, is smaller than p,. The 
wave equation, for instance, belongs to this type. 


1 Translator’s note: Cf., however, the book by Hérmander, quoted in the translator’s 
preface. 

2 In the appendix to this chapter various special cases are considered which do not fit 
directly into the general framework (1), namely systems with convolution operators, in 
particular difference~-differential equations and equations with variable coefficients. 
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In order to obtain the system (1) from the system (2) one introduces 
new unknown functions according to the relations 


Ou, Only, 
11 = uy ; Uj0 — oe grery Uy, = oti—1 ’ 

OUm Ohm ly, 
Umi — Um » Ung = Ot gerry Um yn = ys . 


The Cauchy problem for the system (1) consists in determining 
a solution which satisfies the initial conditions 


uj(x,0) = u(x) (f= 1,7”). (3) 


where u,(x) are given functions. 

We will be interested in the construction of uniqueness classes for 
solutions of the Cauchy problems, as well as in the construction of 
correctness Classes. 

A uniqueness class is a (linear topological) space of (ordinary or 
generalized) functions of the argument x, for which the uniqueness of 
the solution of the Cauchy problem is guaranteed for given initial 
conditions, provided the solution exists. 

A correctness class is the totality of ordinary functions of the argu- 
ments x, for which the existence of the solution of the Cauchy problem 
is guaranteed for an arbitrary choice of initial conditions (again within 
a given class of functions), as well as its uniqueness and continuous 
dependence of the solution on the initial conditions. 

In this and the following chapter we shall make use of generalized 
functions defined on test function spaces of infinitely differentiable or 
analytic functions with definite conditions on their behavior at infinity. 
In particular, we shall make use of spaces of type S and W. It is obvious 
that for the treatment of boundary value problems one will have to 
introduce test function spaces which are defined so as to take into 
account the boundary conditions. | 

The method of Fourier transforms plays an essential role in this 
theory. Until recently it was believed that this method is applicable only 
to problems involving integrable functions.? The theory of generalized 
functions makes it possible to construct Fourier transforms for any 
functions, with arbitrary growth properties, and this allows one to make 
full use of the Fourier transform. 


? Or with functions which become integrable after multiplication with e~?” (a Laplace 
transform which is a modification of the Fourier transform). 


l. Introduction 3] 


A second essential device is the use of differential operators of infinite 
order. Consider, for example, the solution of the Cauchy problem for 
the equation 


with the initial condition 
u(x, 0) = u(x), 
which can be formally written in the form 
u(x, t) == exp[tP(0/0x)] uo(x), 
i.e., as the result of applying the differential operator of infinite order 


exp[¢P(a/ax)] = eeees) 


n=0 


to the initial function u,(x). Obviously it is necessary to give a precise 
definition of this operator and to specify exactly under what conditions 
it is applicable. 

Consider as an example the Cauchy problem for the equation 


Ou(x,t)  — Ou(x, t) 
atk” (4) 


where a is a complex constant. It turns out that for any a the uniqueness 
class of solutions of the Cauchy problem is always the same, namely 
the class of functions which for fixed ¢ satisfy the inequality 


If(*) | < C, exp[C,x?]. (5) 


However, whereas for the heat equation (a = 1) the same set of 
functions also serves as the correctness class of the problem, for the 
Schrédinger equation (a = 2) the correctness class will consist of the 
totality of sufficiently smooth functions (which in addition increase at 
most like a power of x) and for the inverse heat equation (a = —1) 
the correctness class will consist only of the totality of (entire) analytic 
functions of a given order (of growth). 

This example shows that the problem of finding the uniqueness 
classes of solutions of the Cauchy problem is distinct from the problem 
of finding the correctness classes and has to be treated separately, 
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using an independent method. This is the reason for separating the 
problem of uniqueness classes into an independent chapter. 

We will show in this chapter that for each system (1) (consequently, 
also for systems of the form (2)) there exists a uniqueness class of solu- 
tions of the Cauchy problem, described by inequalities of the form 


| f(x) | < Cexp[d | x |’), 


where the exponent 7 (< 0) depends on the specific system. 

We shall make use of the well-known device, which it seems, is due to 
Holmgren (1901), consisting of deriving the uniqueness of the solution 
of the adjoint equation from the existence of the solutions of a given 
equation for arbitrary initial conditions. 

In the following section this trick is investigated in its abstract form. 
The solution of a given equation will be considered as a generalized 
function on a certain test function space. Depending on the equation, 
this test function space has then to be restricted so as to guarantee that 
the Cauchy problem for the adjoint equation is always solvable in this 
space. 


2. The Cauchy Problem in a Topological Vector Space 


2.1. The Connection between the Solutions of the Cauchy Problem 
in a Given Space and in the Dual Space 


Let A, be a given linear continuous operator which depends con- 
tinuously on the parameter #, and which for each ¢t (0 < ¢ < T) maps 
the topological vector space ® (on which 4, is defined) into itself. The 
adjoint operator A,* is defined on the dual space ®’ and maps this 
space into itself. Consider the differential equation 


du(t)/dt = —A,*u(t), (1) 


where u(t) is an unknown element of the space ®’. The problem of 
finding a solution of this equation, satisfying the initial condition 


u(0) = uEP' (2) 


will be called the abstract Cauchy problem. The solution of the Cauchy 
problem (1)-(2) is closely connected with the solution of an analogous 
Cauchy problem in the space ®, namely with the problem of finding the 
solution of the equation 


dg(t)idt = Ag(t), (3) 
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with g(t) € ®, and satisfying the initial condition 


Pty) = YE. (4) 


The connection between the two problems consists in the following. 

For brevity we shall say that the Cauchy problem (3)-(4) is always 
solvable if for each tj,0 <t, < T, and each element g, there exists 
a solution g(t) defined for all 0 < ¢t < T, which for t = t, becomes 
equal to g), and is such that g(¢) depends linearly and continuously 
on og. The following theorem holds. 


Theorem. If the Cauchy problem (3)--(4) 1s always solvable in the 
(test function) space ®, then the Cauchy problem (1)-(2) in the dual space ©’ 
has a solution for any initial functional u, ; this solution is unique in ®' and 
depends continuously on the functional uy in the sense of the topology of the 
space ®'.4 

Before proving this theorem, let us carry out some preliminary 
constructions. 

We denote by Q), the linear continuous operator in ® which maps 
the vector g into the solution g(t) of the Cauchy problem (3)-(4). 
By assumption, this operator is defined for any values of t, and ¢ within 
the interval [0, 7], and has the properties 


d[Qrrto)] 
I = 401,040) 
| (5) 
Oto) = (to). 
The last equation implies 
Q;, = E (the unit operator) for any fy . (6) 


It follows from Eq. (5) that the operator Q), is a solution of the equation 


dQ, 
dt = 4, te” (7) 
In particular, we obtain 
dQ’, 
fe | = A (8) 


taty 


4 @’ is endowed with the weak topology; consequently du(t)/dt is a weak derivative 
(cf. the beginning of Chapter I, Volume 2). 
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For three arbitrary values fy, ¢,, t, in the interval [0, JT] one can write 
P(t) = Q29(t) = Q'2ORG(t)s 

but, on the other hand, 

P(t.) = Q2H(ty)- 
Comparing these two equations we obtain 

O01, = Oy - (9) 
Setting t, = ft, in this equation we obtain 

Oh = Olo = E. (10) 


Replacing ¢, by ¢ and differentiating with respect to it, we have 


dQ t it Qi, _ 
dt 2 + OG = 0 


Making use of Eq. (7) we find: 


dO} 
oor Of + O%A4,0! =0, 


whence, by right multiplication with Q;,, we finally arrive at 


= —QA,. (11) 


dQ; 
dt 
For the adjoint operators we thus obtain 
dQ'* 
“i = ~ Ato. (12) 


We are now ready to prove the theorem. Let t, = 0, u(t) =Q?*u, ; 
then the functional u(t) is a solution of the Cauchy problems (1) and (2). 
Indeed, applying the operator equation (12) to the vector uy we have 


aut) = —A,*u(t), 


so that Eq. (1) is satisfied. Since for t=O the operator O,2* becomes 
E* = E, the initial condition is also satisfied. We note finally that the 
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functional u(t) depends continuously on the initial element u, , due to 
the continuity of the operator O,°*. Let us prove now that the Cauchy 
problem can have only a unique solution in the space ®’. For this it 
is sufficient to show that the only solution of the equation (1) with the 
initial condition u, = O is the functional u(t) = 0. For the proof, we 
select an arbitrary t,, 0 < t, < T, and apply the functional u(t) to the 
test function Qi), where gp is an arbitrary element of the space ©. 
Differentiating the result with respect to ¢ and making use of Eqs. (1) 
and (6), we obtain 


£ (u(t), Q:,%0) = (au) , O',7) a (u(2), “ #0) 


= (—A,*u(t), Of 9) + (u(t), 4,0! 9) 
= (—A,*u(t), Of 7%) + (A,*u(2), Of 9) = 0. 


It thus follows that (u(t),Qi>) is a constant. The initial condition 
u(O) = 0 implies that this quantity vanishes for all ¢. In particular, for 
t = t,, it follows 


(u(to), Po) = 9. 


Since gp is an arbitrary element of ®, the functional u(t.) is the null- 
functional. From the arbitrary choice of t, between 0 and 7, it then 
follows that u(t) = 0, as expected. 


2.2. A More General Uniqueness Theorem 


If one is interested only in the problem of uniqueness, the situation 
described in Section 2.1 can be considerably generalized. We assume 
now that the space ® is part of a larger space ®,, which in turn is 
contained in a third space E: 


OCO,CE. 


Each of these inclusions by assumption preserves linear operations as 
well as convergence, 1.€., p, — 0 in © implies m, — 0 in ®, and o, — 0 
in ®, implies m, — 0 in E. We further assume that the space @ is dense 
in E. Every linear continuous functional defined on E is thus at the same 
time a continuous linear functional on ® and ®,. We further assume 
that the operator A, can be extended from the space ®, on which it is 
originally defined, to the space ®, . 
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Theorem. /f for any t, and t (0 <t < ty < T) a linear continuous 
operator Q), is defined on the space ® which maps this space into the space ®, 
and in addition, tf applied to an arbitrary vector », € ® ytelds a solution of 
the Cauchy problem 


oe =A), to) =F, PtEP, (1) 


then the Cauchy problem 


HU) _ Ault), (0) = (2) 


admits in the interval 0 <t < T the unique solution® u(t) € E’. 


Proof. One can reason in the same manner as for the Theorem in 
Section 2.1. The operator Q}, satisfies the equation 


dQty 
or = A,Q;. 


Only this equation is used in the proof of the uniqueness of the solution 
of the’ Cauchy problem (1) and (2) at the end of the preceding section, 
so that we can use the essential idea of that proof. We apply the functional 
u(t) € E’, which is a solution of the Cauchy problem (1) and (2) with 
initial condition u(0) = 0, to the vector QO}, ¢@, C E. Thus, in the 
same manner as in Section 2.1, we show that (u(t)), go) = 0, 1.¢e., the 
functional u(t) vanishes on the space ®. Since by assumption u(f,) is 
defined on all of E, in which @ is assumed to be dense, it follows that 
u(t,) is the null-functional of E. 


3. The Cauchy Problem for Systems of Partial Differential Equations. 
The Operator Method 


3.1. Introduction 
We consider the system of partial differential equations 


M9 Fr G2\uey Yoaom 


> We note that in order to conclude that the solution of the Cauchy problem (2) is 
unique in the interval 0 < t < T for a given initial condition at t = 0, it is sufficient 
to assume that the operator Qj, exists only for 0 < t < t < T (ie., the upper index 
is not larger than the lower one). 
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Here, the unknown functions are u,(x, t). The differential operators 
P,,(i(6/@x)) are polynomials in the derivatives 6/0x, ,..., 6/@x, of maximal 
order p (in the ensemble of arguments); the number p will be called the 
order of the system (1). 

The Cauchy problem consists in determining the set of functions 
u,(x, t)(j = 1, 2,.... m) which for ¢ > O satisfy the Eqs. (1) and for t = 0 
satisfy the initial data 

u(x, 0) is u,(x), (2) 
where u,(x) are given functions. The ensemble {u,(x, t)} is called @ solution 
of the problem (1) and (2). 


It is often more convenient to rewrite the Cauchy problem (1) and (2) 
in vector form 


Sue = P(i =| u(x, t), (3) 
u(x, 0) = u(x), (4) 


with u(x,t) an unknown vector-function, u(x, t) = {u,(x, t)} and 
P(i(é/6x)) is a matrix (m rows, m columns) consisting of differential 
operators. 

We are interested in finding the uniqueness classes of solutions of 
the Cauchy problem (1) and (2), 1.e., to indicate the class of functions 
u(x) such that any solution, if it exists, and belongs to this class for 
any ¢(0 <?t < T), is certainly unique. 

Before attacking this problem in general, we illustrate the basic idea 
on the example of the equation 


Gu(x,t) = u(x, f) 
nr ©) 


where a is an arbitrary (complex) constant. 

For each value of t the unknown u(x, #) is a generalized function over 
a test function space ®. In agreement with the plan outlined in Section 1, 
this test function space should be so chosen as to guarantee the possibility 
of solving the Cauchy problem for the corresponding (inverse-conjugate) 
equation 


Ops, t) _ __ Pol, #) 
ot Ox? 


Formally, the solution can be written in the form 


ole, t) = exp [a(t — 6) 25] gale) 
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and the space ® should be so chosen that the differential operator of 
infinite order 

- d? 
QO, == exp| —a(t =f) od 
be meaningful in ®. 

Furthermore, it is convenient to select the space ® as small as 
practicable in order that the uniqueness theorem be valid in as wide 
a class of generalized functions as possible. Let us choose the space ® 
among the spaces S,°, described in Chapter IV, Volume 2. The space S,* 
consists of functions g(x) satisfying the inequalities 


| xk—p'@(x) ix CA*BiRk= ga, 


The function f(s) = exp(— a(t — t9)s?) with 
Hq) = exn[-a— 4) a 


is of order 2. In 6rder to be able to apply the fundamental theorem of 
Section 5, Chapter IV, Volume 2, one must consider a space S,° with 
1/B > 2 orB > 4. We further choose « as small as possible, but such 
that the space S,? is nontrivial. This « will be | — , i.e., larger than 3. 
The test functions of this space exhibit for | x | — oo an exponential 
decrease of order |/«, i.e., smaller than 2. The solution of Cauchy’s 
problem for Eq. (1) is unique in the dual space, on the basis of the 
results of Section ]. In particular, the problem is unique for ordinary 
functions f(x) which grow slower than exp(x*) for | x | — 00: 


f(x) | < Cexp[x? — ¢]. 


Thus, we have indicated a uniqueness class of solutions of the Cauchy 
problem for Eq. (5).6 Note that this class does not depend on the value 
of the constant a. Even in the incorrect case, Re a < 0, the uniqueness 
of the Cauchy problem is maintained in this class of functions. 


3.2. Preliminary Constructions and Formulation of the 
Fundamental Theorem 


We now start with the examination of the general case. 
We apply the method outlined in Section 2 in the following from. 
The elements of the vector spaces ®, ®, which occurred in the con- 


6 This class is not completely specified here. As will be seen in the sequel, the exponent 
2 — e could be replaced by 2. This will necessitate the use of the spaces SSBB instead of S,8. 
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structions of Section 2, will be m-dimensional vector functions 
p = (91 5+) Pm), Such that the components ¢,(x),..., p(x) are elements 
of the function spaces introduced in ChapterIV, Volume 2, or in 
Chapter I of the present Volume. The vector space S,°, for instance, 
is defined for n = 1, as follows 


SP — {p} an {(¢1 ae Pm)}s 
\| x¥qp'®(2e) || < CA*Beki=g® — (k, gq = 0, 1, 2,...), 


where || || denotes the usual norm of a vector in Euclidean space. Such 
a space of vector test functions is simply a direct sum of identical 
scalar test function spaces. 

The linear continuous functionals on such vector test function spaces 
can also be considered as vectors, “‘vectorial generalized functions’’ (or 
“vector-valued distributions”), f = (f,,..., f,). The functional f acts 
on the vector test function gm = (9g, ,..., »,,) according to the equation 


J, P) = (fi » 1) Si (fm » Pm) 


A linear operator A in the vector test function space @ is defined by 
the matrix || A;,||, where the elements A, are ordinary differential 
operators in the scalar test function space. The action of the operator A 
on the vector test function gm = (9g, ,...; p») 1s given by the usual rule 


| Ay *** Aim Pm 1 Ae Pe 


Am seca Aisi Pm > AniPr 

The operator d/dx, in particular, is represented by a diagonal matrix, 
with diagonal elements equal to the ordinary differential operators d/dx. 
The operator of multiplication by x is represented by the diagonal matrix 
with diagonal elements x. 

The adjoint of the operator A represented by the matrix || A,, || is the 
operator A* defined by the matrix || Aj ||, which is obtained from 
|| Aj, || by replacing the matrix elements by their adjoints and transposing 
the matrix. For example, for A = || P,,,(¢d/dx) ||, we have (td/dx is self- 
adjoint) 


«=| (al 


For simplicity we shall call a “‘vector function” a “function,” and 
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shall as a rule use a “‘scalar” terminology. It should be clear from the 
context whether the scalar or vector case is really meant. In the beginning 
we recommend to the reader to keep in mind only the scalar case, i.e., 
the case of a single equation. Some parts of the proofs which refer 
specifically to the case of systems of equations are omitted, but the reader 
should have no difficulty in reconstructing these parts. 

According to the general plan outlined in Section 2, we consider 
the unknown function u(x, t) as a generalized function, 1.e., a linear 
functional, depending on the parameter ¢, over a vector test function 
space ®. The problem reduces to the construction of such a test function 
space ® = {g(x)} in which the solution of the Cauchy problem for the 
system (vector notation!) 


a] 2: P (ix) (x, t) (1) 


exists for arbitrary Cauchy data (initial conditions) 
Pl, to) = gol) € ©. (2) 
Here the matrix P is related to the matrix P by means of 
Py= —Py (jf, 8 = 1, 2,..., m). 


The solution of the Cauchy problem can formally be written as 
.@ 
w(x, t) = exp [(¢ — &)P (i <)] gol). 


The matrix 
on [= 100 ()] ~ 2 (5) ~ [2a (9) 


has the elements Q,,(2(0/@x), t) , t), which are entire analytic functions 
of the arguments 0/0x, ,..., 0/Ox, (1.€., Ojn(Sy y+) Sn» to, t) IS an entire 
analytic function of the complex variables s, ,..., s,). Thus the space ® 
must be so constructed that the corresponding differential operators of 
infinite order be meaningful. 

We know from Chapter IV, Volume 2 that the spaces S*-4 are suitable 
for this purpose, provided the parameters are adapted to the growth 
requirements of the functions Q,,(s, t,, t). Therefore, we must first 
estimate the growth of the functions Q,,(s, tg , 2). 

The norm of a matrix A = || a,,|| (j, & = 1, 2,..., m) is defined as 
the norm of the corresponding linear operator in the m-dimensional 
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Euclidean space of vectors € = (€,,..., &,) with the scalar product 
(€, €@) = SY EME It follows then? 


max y LAQx PSI APS »; > | ayy, |. (3) 


be 


Replacing A by the matrix P(s) (the matrix of the system (1), with 
i(0/0x) replaced by s), for sufficiently large | s| one obtains for the matrix 
elements the estimate 


|Pifs)| <C]s|?, 


since all matrix elements are polynomials of degree smaller than p in 
the variable s. The inequality (3) implies 


| PO)iP < YY | Pals) P< Cy? | 5 


j=1 k=1 


> 


Further, 


HOG, to A= etorFny = YE WE pry) | 


k=0 


< y EAB | pai < 5 PAF | Pie 


k=0 . k=0 


< FEM Cs joe < expllt — )Ci| 5 


The elements of the matrix Q(s, t, , f) are obviously analytic functions 
of s. The last estimate shows that these matrix elements are actually 
entire analytic functions of orders smaller or equal to p. 

Actually these functions may have a smaller order. We will show in 
Section 6 that there exists a minimal number p, < p (the method of 
computing this number will be outlined there), such that the estimate 


| O(s, to, t1] < CA + | 5 |)™-Y? exp[b | t — ty | | s [Po] (4) 


holds. The number fg is the exact exponential order of increase of the 
matrix and will be called the reduced order of the system. 


7 Cf. eg., G. E. Shilov, Vvedenie v teoriyu lineinykh prostranstv (Introduction to 
the Theory of Linear Spaces), 2nd Russian Ed., p. 149, Moscow, 1956 (or any other 
standard text on the subject). 

It should be clear for the reader from the context when || || denotes a matrix and when 
the same symbol denotes the norm of the matrix. 
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The reduced order of a system characterizes its properties much 
more precisely than the order p (the highest of the orders of the differen- 
tial operators with respect to x, occurring in the right-hand side of the 
system). The usual order can change when one replaces the unknown 
functions u,(x, t) by linear combinations of the unknown functions and 
their derivatives, whereas the reduced order does not change under 
such an operation. Consider, for example, the two systems: 


Gy Ov, OW, 

7 “Ot Ox’ 

uy may _ tm 
ot ——s« 2”? ot” ox’ 


which transform into each other under the substitution u, = v,, 
u. = Ov,/0x. As a matter of fact, both systems are different forms of 
writing the same second-order equation u,, = au,,. The usual orders 
of these two systems are nevertheless different (the first system has 
p = 2, the second has p = |). It is easy to understand that the reduced 
orders of both systems are py) = |. Ina certain sense, the reduced order 
is the true order, and as has been shown by V. M. Borok, any system 
of reduced order fy can be transformed into a system for which the usual 
order is also py. 

It should be noted that mutually inverse-adjoint systems having the 
matrices P and P = —P have the same reduced orders. 

It happens that the reduced order of a system ultimately determines 
the uniqueness class for the Cauchy problem of a given system, according 
to the following fundamental theorem. 


Theorem 1. Jf a system of the form (1), Section 3.], has the reduced 
order py > 1, then the totality of functions f(x) satisfying the inequalties 


1 1 
ee ep sds (5) 


< C exp[byxpo’ — 
| f(x) | exp[DoxPo |] reas 


with arbitrary, but fixed C and b, , forms a uniqueness class of the Cauchy 
problem for the system (1), Section 3.1. In other words, there exists at 
most one solution of that system, which for t = 0 equals a given vector 
function u(x), and all the components of which belong to the class (5) for 
fixedt (0 <t < T). If py = 1, the uniqueness class consists of the totality 
of functions (5) with arbitrary (fixed) po’. For py < | the solution of the 
Cauchy problem for the systems (1) and (2), Section 3.1 ts unique in the 
class of all functions f(x), without any restrictions on their growth at infinity. 

The admissible interval of the parameter (time) 0 <t < T depends 
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only on the constants C and by but does not depend on the chotce of the 
initial function u)(x). 


The rest of this section is devoted to the proof of this theorem. 


3.3. Proof of the Fundamental Theorem 


We assume that ¢ varies in the interval tj < ¢t < t, + TJ, such that 
bT < 6, where @ is arbitrary and 6b is the constant occurring in the 
estimate (4) of the preceding subsection. It follows from that estimate 
that the entire functions which make up the matrix QO(s, tj, ¢) are of 
order py and type smaller than 6 (of that order) (cf. Section 1, Chapter IT, 
Volume 2). 

We shall now make more precise the choice of the test function space ®. 

For simplicity let us assume first that the argument x is not an 
n-dimensional vector, but varies on the line —2% < x < ©. 

The (scalar) space S®% consists of infinitely differentiable functions 
g(x) which for arbitrary 6 > 0, p > 0 satisfy the inequalities 


| whp(x) | <Cy(A + d)*A(B + pq". 


In Section 5, Chapter IV, Volume 2, the following theorem is proved: 
if f(s) is an entire function of order 1/8 and type smaller than £/(B?/#e?), 
then the operator f(d/dx) is defined and bounded in the space S*:4 and 
maps this space into the space S#:4’ , with B’ = Be. 

Since we now have estimates of the order ( ~)) and type (< @) of the 
entire functions Q,,(s, ty , 2) we can make use of this theorem for the 
construction of the vector space S®:8 in which the operator QO(i(@/0x), ty , t) 
is defined. The numbers 8 and B are determined from the equations 


] 
Bg Po» Fim = 4 (1) 


The numbers « and A are determined from the condition that the space 
S84 be nontrivial. It follows from Eqs. (1) that: 


B=I1/po, B= (8/6e*/P. 

We first assume that p, > 1. Then B < | and in order to guarantee 
the nontrivial character of the space S?-? we must assume (according to 
the results of Section 8, Chapter IV, Volume 2) 

a=1-—f8, A= 


’ 


byl 


where y is a positive number. 
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The case py < | will be discussed somewhat later. 
The test functions which make up the (scalar) space S®? are charac- 
terized by the following decrease at | x | > oo: 


| p(x) | < Cexp[—a | x |?/"]. 
The exponent |/« can be expressed in terms of the reduced order py 


1 l l 


«~ TB Tipe)?" 
The coefficient a can be computed according to Eq. (5) in Section 2.1, 
Chapter IV, Volume 2: 


(6 4 
SS alias? 


it can be expressed in terms of the quantity 0: 
= a/B 1/a _ Bla 
a=* (—) = cot”, (2) 


Thus we have constructed the space ® = S®-# in which the operator 
O(i(@/0x), ty , t) acts. We now show that for any test function g(x) € S:4 
the solution of the Cauchy problem 


SAS = p (i =| g(x, t), P(x, to) = 7(*), 


is given by the equation 
. @ 
p(x, t) =Q (i 3y to» t) p(x). 


In other words, we have to show that for any test function o(x), we have 
in the topology of the space S?.2e" 


7) 
A QO tz—,ty,t (x) 
PPA ct ho = P(iZ\[o (fs, 454) x), 


: .@ 
lim Q (1 =, to, #) oe) = (2). 
As we remember from naples IV, Volume 2, a sequence o,(x) converges 
to a function g(x) in S®-#e" if the set of functions {p,(«)} is bounded in 
this space and converges regularly in it to g(x), i.e., on each finite interval, 
the functions g'?(«) converge uniformly to '?(x). 
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In order to apply this convergence test we note first that the matrices 
consisting of entire functions 
AQ(s, to, #) — e4tP'8) — J 


__ glt~t,) Pl t—t.)P 
Os, ty ’ t) Fe o) ayy e! o) PCs), 


At At 
admit the majorizations 
AQ(s, ty , t 
| O(s, t,t) <expta|s 7], | Ero») < expte | s 1, 
which do not coped ont,0 <t < T, bT < 6, and thus define operators 


in the spaces S?:2 which are caters hounded (uniformity in f). It then 
follows that the families of functions 


p(x, i) = O(i(6/dx), ty , t) px), 


x(x, t) = LOWE), fo) (x 


are bounded for 0 <t < T in the space ®, = S*4’ (B’ = Be®). We 

have to show that the functions (x,t) converge regularly to g(x) as 

t —> t, , and the functions y(«, #) converge to P(i(@/@x)) (x, t) as At > 0. 
The function (x, t) is defined by the series 


Wx, t) =O (12, t,t) (x) = exp [(t — 6)? (i)] of) 
= y SSM [> (ig) oe] 


k=0 


which converges absolutely and uniformly in x, as has been proved for 
the scalar case in Section 5, Chapter I, Volume 2. The series converges 
uniformly also with respect to the parameter ¢ within the limits 
ty) <t < T. Therefore, one can take the limit as t — ¢, term by term 
and sum up the results, obtaining 


lim Y(s, t) = P (i) a2) = of), 


Obviously, the series which are obtained by means of term-by-term 
differentiation with respect to x are also uniformly convergent. Thus 
the desired regular convergence is established. 

The second limit relation is proved in the same manner. 

Thus we have shown that QO(i(@/6x), tp, ¢) is the operator which 
solves the Cauchy problem in the space ® = S®:%. 
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We shall now make use of the theorem proved in Section 2.2, which 
asserts that if the operator Qj, maps the space © Nearly into the space 
®, D@, and for any peE®, the function y(t) = Qigs is a solution of 
éhe Cauchy problem 


oA!) = A(t), pt)h=, 


then the adjoint Cauchy problem 


du(t) _ ‘ = 
ap —A*u(t), u(0) = uy, 


can have only a unique solution in the space EF’. Here, E’ is the dual of 
any space E which contains the spaces ® and ®, as dense subsets. 

In the case under consideration, as stated earlier, the operators 
O,;(i(0/0x), tg, t) map the space ® = S*-4 with the indicated values of 
a, 8, A, B into the space ®, = S?-2¢", This space ®, consists of functions 
p(x) which have the same chatter of decrease at inRnity as the functions 
of the space ®. Consequently this space is contained in the same normed 
space £, which consists of measurable functions g(x) (—0 < * < o) 
with the norm defined by 


ollie =f explSa| x |%'] | o(a) | de (3) 


According to the results of Section 8, ChapterI, Volume 2, the 
nontrivial space S®:% is sufficiently rich in functions and is densely 
contained in any larger normed space £ with a norm of type (3). Thus 
the hypotheses of the theorem in Section 2.2. are verified and we reach 
the conclusion: The Cauchy problem for the system (1) in Section 3.1] 
can have only one solution belonging to the space E’ for allt, 0 <t < T, 
bT < @. 

The dual EZ’ of the space E consists of all measurable functions f(x) 
which. almost everywhere satisfy the inequality 


II f(#) || < C exp[Za | x |?0']. (4) 


Consequently the Cauchy problem (1) and (2) of Section 3.| has a unique 
solution in the class of measurable functions satisfying the inequality (4) 
forO <t<T,bT <8. 

Note that due to the narrowing of the admissible interval of the time 
variable 0 <t <7, b7T < 6, the constant a/2 in the inequality (4), 
which is related to @ via Eq. (2), can be arbitrarily large. In particular, 
we can choose this constant equal to a given by . 
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Thus, Theorem | has been proved for p, > 1. 

Let us now consider the remaining cases py = | and py < I. 

For py = 1, the number B determined by Eq. (1) equals | also, so 
that one may no longer choose a = | — B = Q, since the corresponding 
space S,} is trivial. Therefore we choose an arbitrary positive number 
for «. According to Section 8, Chapter IV, Volume 2, the space S$?’ is 
nontrivial, and it can be taken as the space ® used in the proof of the 
theorem. 

We thus arrive at the uniqueness class of the Cauchy problem (1) 
and (2), Section 3.1, characterized by 


F(%) | < exp[bo | xP"), 


where |/« is an arbitrary but fixed positive number. 

Finally, for pp < 1, we have B = 1/p) > 1, and we can choose « = 0. 

Although the space S§4 is nontrivial, it is not sufficiently rich in 
test functions. Therefore we choose instead the space S@? as the space ®. 
The space S$ is the union with respect to the subscript A of all spaces 
S32. This space is already sufficiently rich in functions. 

All functions belonging to the space ® = S88 have compact support. 
Thus the space @ is included in the Banach space E with norms defined as 


elle = [ ECs) i) os) | dx 


where E(x) is an arbitrary weight function. 
We thus obtain the result that the class of functions f(x) satisfying 
the inequality 


| f(x) | < CE(x), 


is a uniqueness class of solutions of the Cauchy problem, Eqs. (1) and (2), 
in Section 3.]. Since E(x) is an arbitrary function, the solution is unique 
within the class of all functions f(x), without any restrictions on their 
growth. Thus for 2 = | we have completed the proof of the theorem. 


For n > | independent variables, x, ,..., x, (not a single x, as before), 
the sProok can be carried out according to the same plan, with the Pace 
S84 replaced by its n-dimensional counterpart Ns a rt ater (cf. 
Section 9, Chapter IV, Volume 2). The functions O;,(s, tos "t) = = 
O);.(S1 5-5 S_ » to , t) Now satisfy the inequalities 

| QinlSt ss Sn sty t) | SC exp[4 | sy ]?2 + ++ + On | Sy [PO] (5) 


with reduced order p,. As before, the numbers 8, , B,,«,, A; are 
chosen according to the value of py. The ensemble of these numbers 


48 UNIQUENESS CLASSES FOR CAUCHY PROBLEM Ch. II 


ness class characterized by the ee 


determines the space Sir :Bavtue--: . As a result, we arrive at a unique- 


| f(xy 5+ Xn) Se C exp[a, | x, |?0° et + Ay | Xp | Po") (6) 


for py > 1. For py = 1, we obtain similar inequalities, but with py’ 
replaced by an arbitrary power r. Finally, for py) < 1, we arrive at the 
class of all functions, without any restrictions on their growth. This 
completes the proof of Theorem | for arbitrary dimensions. 

We note a new circumstance which occurs in the case of several 
variables. In addition to the majorization (5), the entire functions 
O;(51 5+) Sn » #9 , ) admit also the estimate 

| Qynls1 seer Sn» to t) | <C exp[, | 5, [2 + + + On | Sn [Mn], 
where the numbers p,° may be either smaller or larger than the reduced 
order py . Selecting the numbers f,;, B; , «;, A; , which determine the 
B 


space Sf: :-Pndie-"-4n in agreement with these values p,°, we obtain 


Ce ree S aC 


a uniqueness class characterized by the inequality 


] l 
|F (1 ss Hn) | << C explay | xy [8 +o Fay | Hq |] Pigacr ieee 


In general, this class is not contained in the class defined by the inequality 
(6). Taking for example the function 


Os, >So, ty ’ t) == elt—ty)s) 2 


we can write the inequality 


lexpl(t — fase | < expl(t — f) || [52] <exp [4 (7 + 42), 


with (1/r,) + (1/r2) = 1, but r, and r, otherwise arbitrary. Accordingly, 
for the equation 


Ou Ou 
Ot «Ax, Ox, 


any of the classes of functions characterized by the inequalities 
I 
| f(x 5 #2) < C exp[A | sy 11 4 bg | sp 172] = +—= 1) 


serves aS a uniqueness class. 
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3.4. Ordinary Solutions as Generalized Solutions 


We must complete our analysis in one important respect. Until now 
the unknown u,(x, t) (J = 1,..., m) in the Cauchy problem 


Pale 1) —s y Pre (: =| Uy(2, t), (1) 
u(x, 0) = u(x) (2) 


were considered as generalized functions over a test function space @®. 
Likewise, the operators 0/0t and P;,(i(@/@x)) which occur in Eg. (1) 
were understood in the sense of the theory of generalized functions: 
in order words, the fact that the system (1) is verified for certain u,(x, t) 
means that for any test function g(x) we have in effect 


5 ule ho) = ¥ (males 9, Pr (Fz) of) 


and the initial conditions (2) mean actually 
Lim(uj(x, 1), (2)) = (u(x, 0), 9(x)). 


(i.e., we are dealing with the problem ‘“‘weakly”’). 

Therefore, before applying Theorem | to an ordinary solution u,(x, t) 
of the Cauchy problem, we must check that the corresponding generalized 
function 


(u(x, 2), (x)) = | mlx, t)o(x) de 


is a solution of the problem (1) and (2) in the sense of the theory of 
generalized functions. 
This is guaranteed under quite general conditions by the following 


Theorem 2. Let u,(x, t) (k = 1, 2,..., m) be ordinary functions which 
are differentiable with respect to t and which admit the application of the 
differential operators P(i(0/0x)) (t.e., which admit derivatives with respect 
to x up to order p). Let these functions u,(x, t) transform the system (1) 
into a system of tdentittes and satisfy the inequalities 


| uy(x, t) | < C exp[$a | x |?/*] (3) 


Then the system of functionals 


(onl 2) 92) = [male pls) de (4) 
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defined on the space ® = S84, a = ajeA!/*, is a solution of the Cauchy 
problem for the system (1) in the sense of generalized functions. The initial 
functionals are determined by the functions u,(x, 0). 


Proof. We note first that due to condition (3), the expressions (1) 
define indeed linear continuous functionals on the space S84 . Moreover, 
due to the ¢-independence of the constants in (3), the expressions (4) 
are uniformly continuous with respect to ¢ in the following sense: if 
a sequence of functions g,(x) converges to g(x) in the topology of the 
space S*4 , then the limit relation 


(u,(x, t), p(x) —> (u,(x, t), p(x) 


holds uniformly with respect to ¢ in the intervalO <t < T. 
It remains to be shown that for each test function g(x) we have the 
equalities 


£ | u,(x, t)p(x) dx = y | u,(x, t)P,, (: 2) g(x) dx (5) 
and the limit relations 
| fale, #) — u(x, O)]p(e) de — 0. (6) 


We cannot simply multiply the system by g(x) and integrate by parts, 
since nothing guarantees the convergence of the integrals so obtained. 
This necessitates the use of a roundabout way of reasoning. 

The functional u,(x, t) can be extended from the spaces S°4 to the 
space S, ,. The latter consists of infinitely differentiable functions (x) 
satisfying the inequalities 


| p(x) | < C, exp[—a, | x |/7] 


where a, = a/(A + 8)'/*e. 

Let g(x) eS, ,. As was shown in Volume 2, functions of compact 
support are a dense subset of this space, so that one can construct a 
sequence of functions of compact support {p,(x)} which converges to 
the function g(x) in the topology of the space S,,. The continuity of 
the functional u,(x, t) then implies 


(u,(%, £), p(%)) —> (u(x, 4), p(*)) (7) 


uniformly int (0 <¢t < T). 
The functions ,(x) = P,,(i(@/@x)) y,(x) are also of compact support, 
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and due to the continuity of the differentiation operators in S, , we obtain 
7) 
Pr (iX) ele) > Px (FA) 92), 


(8) 
(u(x, t), Pi, (i; =| v.(3)] —> (u(x, t), P,, (i 2) p(*)) 5 
the latter being uniform in ¢. 
Multiplying the equality 
ies 9 t) 


=¥ Pu (i Au u,(%, 1). 


with the function of compact support »,(x), and integrating by parts, 
we obtain: 


4 | uy,(x, t)p,(x) dx = 2, | u(x, t)P,,, (é =| p(x) ax. (9) 


This, together with (8), implies that the functions appearing in the left- 
hand side of the equality (9) have a limit as vy —> oo which is equal to the 
right-hand side of (8), and converge uniformly to this limit. But according 
to (7), the function (u(x, zt), p,(x)) themselves converge to (u(x, t), p(x)) 
as v —> 00. Then the theorem on differentiation of functional sequences 
implies 


(ual t), o(x)) = (u(x, t), > Py, (: =| (x) 


l.e., the equality (5) that we were required to prove. 

In order to prove (6) we note that this equality is obviously true for 
functions of compact support o(x)eS,,. Since the functionals 
u,{x, t) — u,(x, 0) are uniformly (in ¢) bounded (due to the inequalities (3)) 
and converge to zero on a set of test functions of compact support, they 
also converge to Zero on any element me S, ,. This accomplishes the 
proof of Theorem 2. 


4, The Cauchy Problem for Systems of Partial Differential Equations. 
The Method of Fourier Transforms 


4.1. Introduction 


In this section we shall rederive the results of Section.3, making use of 
a proof based on Fourier transforms. 

Already the “natural philosophers” of the nineteenth century made 
use of the Fourier transform for solving the Cauchy problem. However, 
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up to very recently, the applicability of this method was restricted by 
various requirements on the behavior of the transformed functions at 
infinity. In the classical papers on the subject, conditions like the 
integrability of the functions or of certain powers of the functions were 
usually assumed. In our century, such requirements were replaced by 
conditions of integrability of the product of the function with an 
exponential e~** (a Laplace transform, which is one of the forms of 
Fourier transforms). One could not push the methods of classical 
mathematics any further, and therefore, one made use of other methods 
in the investigation of partial differential equations, as for instance, the 
method of characteristics for hyperbolic equations. The method of 
characteristics is quite natural for hyperbolic equations. It leads to 
solutions, no matter what the growth characteristics of the initial data 
are at infinity. At the same time, the classical form of the method of 
Fourier transforms yields solutions only if the initial data do not increase 
too fast. 

Since we utilize generalized functions we have the possibility of 
Fourier-transforming any arbitrarily rapidly increasing functions. This 
allows, in a manner of speaking, to ‘“‘rehabilitate” the method of Fourier 
transforms in the treatment of the Cauchy problem. This leads to 
a uniform construction of the solution for all types of systems (and not 
only for hyperbolic systems, where the method of characteristics 
operates). 

The method of Fourier transforms also gives an approach to the 
problem of correctness classes of solutions of the Cauchy problem. 
These problems will be treated in the next chapter. 


4.2. The Fundamental Theorem 


We consider the Cauchy problem for the system of partial differential 
equations (we use the vector notation) 


Sule 1) = P(i 2) u(x, t), (1) 


with the initial data 
u(x, 0) = 19(3). (2) 


As in Section 3, we pose the problem of determining the uniqueness 
class of solutions of the Cauchy problem (1) and (2). We again consider 
the solution u(x, t) a generalized (vector) function over a test function 
space, depending in a continuous and differentiable manner on the 
parameter f. 
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According to the fundamental result of Section 2, the Cauchy problem 
(1) and (2) will have a unique solution in the space ©’, if for any initial 
test function @o(x), there exists a solution for the adjoint Cauchy problem 


SHED = PZ) a(x, 1) 3) 
P(x, Lo) = Gol), (4) 
(where —P (i(0/@x)) is the Hermitean adjoint of the operator P(i(é/@x)) 


(i.e., Py, = —Pyj). 
In order to find a suitable space ®, we Fourier-transform the problem 
(3) and (4). The system (3) transforms into the system of ordinary 


differential equations 


dip(s, t) 
dt = P(sy(s, t), (5) 


where s is a parameter; the initial condition (4) is replaced by 


Ws, to) = Pols), (6) 


where %,(s), the Fourier transform of the test function g(x), belongs to 
the test function space ¥ = ©. 
Formally, the solution of the Cauchy problem (5) and (7) can be 


written as 
p(s, t) = exp[(t — to) P(s)] ho (8). 


The matrix exp((¢ — t,) P(s)) = Q(s, ty, t) consists of entire analytic 
functions of s. Therefore the space Y¥ must be constructed in such 
a manner as to allow multiplication with such entire functions. 

We first consider the case of a single independent variable; the 
transition to several variables is carried out in the same manner as in 
Section 3, 

We make use of the spaces W¥;”, constructed in Chapter I, choosing 
the parameters of these spaces according to the growth properties of 
the function QO(s, ty , t). These growth properties have been indicated in 
Section 3 and are characterized by the inequality 


| O(s, fo » #) | < CAL + | 5 |)P"Y "0 exp[bo(t — te) | 5 |%9], 


where py is the reduced order of the system. If ¢ varies within the interval 
ty <t <ty + T, with 2?°+7b,T < (1/po) 0”, one can also write 


| Q(s, fo» #) |] K Cy exp[2 — po" | s |"0(1/po)]- 
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Since | 5 |?° = | o + tr |Po < 2?0(| o |Po + | 7 |?*), we have finally 


| OCs, to » 4) || < Cy exp[(1/po)O70(| o |?o + | 7 |?)]. 


We recall that the space >> consists of entire analytic functions dfs 
p Ma y 


which satisfy the inequalities 
Wo + ir) < C exp[—M(do) + Q(6r)], 


where M and 2 are convex functions (with convexity downward); 
a is an arbitrary constant smaller than a and 6 is an arbitrary constant 
larger than 5. 

In Section 2, Chapter I, we have proved the following theorem: 

Any entire analytic function f(s) satisfying the inequality 


|f(o + tr) | < Cexp[M(aqeo) + (6,7), 


defines a (continuous and bounded) multiplication. operator (multiplier) 
in the space ¥W = Wy’, for a > a,. This operator maps the space 
Y — Wy", into the space VM, = Wy? . 

We assume that py > |. 

We choose M(c) = (1/P9)| o |?9, 2(7) = (1/Po)| 7 |?2; these functions 


are convex and we have accordingly 
|| Os, f  #) || < C, exp[M (8c) + Q(4r)] 


We now apply the above-mentioned theorem. For a given a, one can 
always choose the “‘time”’ interval 0 < ¢ < Tso small that the inequality 
6 < a holds; for such values of JT the matrix QO(s, t, , t) will be a multi- 
plier in the space W2;", which maps this space into the space W¥,°*%, . 

In order to show that for any test function %,(s)eY¥ = Wy", the 


function 
$(s, t) = O(, fy , t)4o(5) 


solves the Cauchy problem 


oss t) BG, t), «ws, to) = ¥(s), 


and belongs for 0 <t < T to the space ¥, = W,°**,, we must show 
that 


tim SOU: for M08). _. B()O(s, te AMols) (7) 


4t0 
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an O(s, ty . Abo(s) = pols). (8) 


in the topology of the space ¥, . 

According to the definition of convergence in the space W¥,°, (cf. 
Section 1, Chapter 1) we must show that the functions under the lim 
sign converge regularly to their limits (i.e., they converge uniformly 
in each bounded domain of the s-plane) and are uniformly bounded 
with respect to ¢ (in the sense of the space ¥,). The regular convergence 
is obvious in our case from the definition of the function Q(s, ty), t) = 
exp((t — t,) P(s)). The uniform boundedness in ¢ can be inferred from 
the inequalities 


I O(S, to » t) || < Cy exp[M (Ae) + 2(87)] 
and 


| AOE fo | < Cy exp[M(c) + Q(6r)], 


which do not depend on ¢. 

Thus the limit relations (7) and (8) are true. 

The isomorphism of the spaces ¥ and @ implies that there exists an 
operator on the space ® which solves the Cauchy problem (3) and (4) 
for any initial test function: 


Bex, t 
PAD — BZ) ox, 1), ox, 0) = gals). 
Therefore, according to Section 2, the solution of the Cauchy problem 


outs es: P(i =| u(x,t), u(x, 0) = u(x), 


is unique in the dual space of @. 

More precisely, the solution u(x, z) is unique, if for every ¢ in the 
interval 0 < t < T it belongs to the space E’, where E is a normed 
space containing the spaces ® and @, as dense subspaces. 

Since it is Fourier-dual to the space ¥ = W¥,°,, the space ® is 
Witt, where M, and 2, are dual in the sense of Young to the functions 
Qand M, respectively. Since 2(¢) = M(c) = (1/p,)| |?9, M,(x) = 2,(x) = 
(1/Ppo’)| *|?0’. According to the definition of the space Wy: ‘is (Chapter I), 
the space ® consists of functions g(«) which decrease along the x-axis as 


| g(x) || < Cexp|— al ean 3 
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Similarly the functions g(x) which form the space Y= 6, = Wei 
decrease along the x-axis according to the inequality 


He) < Coxp[- Lleyn) 


We define the space E by means of the norm 


| elle = [_ expll = |?=/2p0'] lox) | de 


Obviously ®©CO, CE. Since @ is sufficiently rich in functions 
(Section 1, Chapter I), it is dense in E. We can thus apply Theorem 2, 
Section 2 and arrive at the conclusion that the Cauchy problem (1) and (2) 
has a unique solution in the space E’. 

This immediately leads to the fundamental theorem on uniqueness 
classes. 


Theorem. For sufficiently small t < T, the Cauchy problem (1) 
and (2) admits a unique solution in the lass of functions f(x), which for 
fixed arbitrary by satisfy the inequality 


| f(%) | < Cexp[bo | x |Po’]. 


Indeed, for a given b,, we can determine 5b from the condition 
1/(2p)'b) = b6,. Then we determine a from the condition that the 
space W%;", be nontrivial (Chapter I, Section 1) with M(x) = Q(x) = 
(1/po’)| « |?o’, and finally we determine the interval T from the condition 
2PoH1B)T < (1/po) 0?0(8 < a). These quantities allow us to construct the 
test function spaces ® and WY and to carry out the reasoning which 
achieves the proof of the theorem. 

The uniqueness theorem has been proved for p) > |. For py < 1, 
the proof is carried out according to the same plan, but replacing the 
functions | o |”, | 7 |?? which define the space W%;’,, by the functions 
|o |’, |7 |" with arbitrary positive powers r > |. The uniqueness class 
so obtained will be characterized by the inequality 


| F(*) | < C exp[do | x |"); 
where 7’ can be considered an arbitrary fixed positive number. 


Note. Our proof has made use of the space W,,*. It would have been 
possible to use different spaces too. The only essential restriction is that 
within the space under consideration the multiplication by functions 
e'?(8) should be a bounded multiplier. 
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4.3. The Case of Hyperbolic Systems 


The Fourier method no longer yields for pp) < | a uniqueness class 
consisting of all functions without restrictions on their growth (cf. 
Section 3). On the other hand, in one important case it allows to improve 
upon the result obtained in Section 2, for py = 1. 

Let us assume specifically that the matrix function Q(s, t,t) = 
exp[(t — t,) P(s)] satisfies the inequalities 


(a) | O(s, to , £) || < Cyeblsl for alls (i.e., po < 1); 
(1) 
(b) | O(e, tp, || < Cd 4+ |¢|", for reals = a, 


i.e., its growth is not faster than a power. 

In the sequel, we shall call hyperbolic systems of the form (1), Sec- 
tion 4.2, for which the resolvent matrix Q(s, ty), t) posesses these 
properties. Such systems will be dealt with in more detail in Section 3, 
Chapter III. 

We assert that for hyperbolic systems (as well as for systems with py < 1) 
the Cauchy problem has a unique solution in the class of all functions, 
without restrictions on the growth at infinity. 

For the proof we make use of Theorems |’ and 2’ in Chapter IV, 
Section 7, Volume 2. We have proved there that each entire function 
which satisfies the inequalities (1) and (2), also satisfies the inequalities 


|| O(s; to #) | < CgePl"\(1 + | o |"). 


Then, on the basis of Theorem 3” in the same section of Volume 2, 
the function Q(s, fy, 2) is a multiplier in the space Z = S® of entire 
analytic functions ¢%(s) which satisfy the inequalities 


|| s¥b(s) |] < Cyebltl, 


It follows that the Fourier-transformed operator G(x, t, , t) = F[Q(s, to, t)] 
is defined on the space K = S, of infinitely differentiable functions of 
compact support and that this operator maps the space K into itself. 
Any (locally integrable) function, without restrictions on its growth, 
defines a functional belonging to the class of generalized functions over 
K. Therefore, repeating the above arguments we find that the uniqueness 
of the solution of the Cauchy problem is guaranteed within the class of 
all functions, as asserted. 
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4.4. Systems with Coefficients Depending on t 


All the results obtained so far can be extended to systems with 
coefficients which depend on ¢ continuously: 


Ou(x, t .o 
oN) _ P(r es, 2) u(x, t). (1) 
We sketch the proof using the method of Fourier transforms. The 
operator method could have been used with equal success. 

It suffices to prove the existence of the solution of the Cauchy problem 
for the system in the test function space ® = {g(x)} 


0g(x, .¢@ 
SAD) _ Bi Z, 1) ox, 0) 


As before —P denotes the hermitean adjoint of the matrix P. 
The Fourier-transformed Cauchy problem is 


ane = Ps, ts, 2), (2) 
Hs, 0) = yo(s), (3) 


where #,(s) is a test function in the space ¥ = @,. It is no longer possible 
to write the solution of this problem in the form of an exponential matrix 
function, as we did before. We have to use a different procedure. 

On the basis of classical existence theorems for ordinary differential 
systems, the system (2) admits a normal fundamental matrix of solutions 


Os, lo ’ t) = | Os, ty ’ t) iF 
corresponding to the initial conditions 
O(s, to, 9) = E (the unit matrix). 


For a given initial vector %,(s), the solution of the system (2) which 
for t = ty becomes equal to #,(s) has the form 


(s, t) = Q(S, fo » tps). 


Since the system (2) is analytic in the parameters s, the matrix elements 
O,,(s, tj, t) are entire analytic functions, for which we can evaluate 
the order of growth. 

The matrix QO(s, tj , ¢) can be constructed in the following manner.® 


8 Cf., eg., F. R. Gantmakher, Teoriya matrits (Matrix Theory), Chap. 14, 
Gostekhizdat, Moscow, 1953. An English translation seems to be available. 
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We partition the interval (¢,,¢) into m parts by means of the points 
typ<tp<c+ <t,=t and set dt = t;, — t;_, (¢ = 1,..., ”). Making 
use of the composition property of the matrix O(s, ty , t) (cf. Section 2), 
we can write 


Os, ty , t) a Os, Eni ’ tn)OUS, En» ’ tn_1) i. Os, ty ’ ty). 


Keeping s fixed and making use of Eq. (7), Section 2.1, with tj = ¢,, 
we can write 


O(s, ti, tiz3) = E + Ps, t;) At, + €(At,), 
where «(4t;) > 0 as At; > 0, uniformly in the interval O <?t < T. 
Hence 


n—-1 
O(s, ty, t) = [] [E + Pos, t,)4t;] + (max At,). 
j=0 


One can now go to the limit max 4; — 0, obtaining 


n—1 


O(s,to,t)= lim [] [E+ Po, t, At]. 


mardtj—O j=0 


This expression allows one to evaluate the growth of the matrix 
O(s, ty , t) with respect to s. Since the polynomials P,,(s, t;) have degrees 
not larger than p, it follows that for sufficiently large | s | (independent 
of t < T) 


| Pils | <C’|s |", 
whence 

| Pot) I< C|s |”. 
Taking At; = (t — to)/n, we obtain the estimate 


— 0)" <exp[C|s /"(t — t)} 


| ll [E + Pos, t,At,] 


0 


<(1+C|s)" 


In order to obtain an estimate which holds for all values of s it is sufficient 
to introduce an additional factor C , so that for alls 


| [Iz + Pts, t) 4) | < Cy exp[C|s |"(t — )]. 
to 
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Since this estimate does not depend on the partition of the interval 
(¢) , ) one can go to the limit letting max At; approach zero. This yields 


|| O(S, to, 4) |] < Cy exp[C | s | t — t)]. 


Thus the entire analytic functions of s making up the matrix Q(s, t, , f) 
are of order not larger than p and type < C(t — 1p). 

In this case also, the order of growth of the matrix Q(s, t, , t) may be 
lower than p. As before we denote this order by p, and call it the reduced 
order. For t-dependent coefficients we are no longer able to compute fp, . 
We therefore assume that the function Q(s, t, , t) admits the estimate 


| OS; fo #) | < CL + | s |") exp[C(é ~ f) | s |"] 


(this is obviously true for p) = p). Then the approach which was 
described for the case of constant coefficients can be carried through 
without modifications and leads to the same result. In particular, for 
Po > 1 the uniqueness class of the Cauchy problem 


Ou(x, t) 
ot 


=P (‘= : t) u(x, t), u(x, 0) = u(x), (4) 


is characterized by the inequality 
| F(x) | < Cy exp[bo | » |?o"], 


where py is the reduced order of the system (4) and (1/f9) + (1/pPo) = 1. 


5. Examples 


5.1. The Equation u, = au,, 


We again consider the equation 


Ou O2u 


~—=az; 
ot Ox?” ” 
where a is a complex constant. In particular, for a > 0 one obtains the 
heat equation, for a < 0, one obtains the “inverse heat equation,”’ and 
for purely imaginary a one obtains the Schrédinger equation, describing 
the one-dimensional motion of a free particle in quantum mechanics. 
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We shall determine the uniqueness class for the Cauchy problem for 
Eq. (1). Replacing 7(@/éx) by s we have the equation 


dv/dt = —-as*v 


with the resolvent function Q(s, t), 7) = exp(—as*(t — to)). This 
function is of order 2. 

The number p,’ is in this case also equal to 2. According to Theorem | 
in Section 3, there can exist only one solution of Eq. (1) within the class 
of functions f(x) which satisfy the inequality 


|f(*) | < C exp[6x?]. 


In the present case one cannot improve the results of Theorem | in 
Section 3 by replacing the exponent 2 by 2 + «, for any positive e. 
Indeed, Eq. (1) admits the solution 


u(x, t) = Lan (om ee xen (2) 


if the function f(z) satisfies the inequalities 
FOE) | <Sem™(2m)!, em > 0, (3) 


which guarantee the convergence of the series (2) for all values of x, 
Setting «,, = m>!, with | > 6 > 0, it follows that ¢,,”(2m)! is of order 
mm1+5) and on the basis of the Carleman-Ostrowski theorem,® there 
exists a function f(x) ¥ 0, satisfying the inequalities (3) and vanishing 
together with all its derivatives for t = 0. The corresponding solution 
u(x, t) vanishes identically for ¢ = 0, and will differ from zero for ¢ > 0. 
In order to estimate the growth of this function as | « |» 00, we substitute 
the inequality (3) into Eq. (2), obtaining 
| u(t, t) |< Dae | x 2 = YL amen O-D | x 2" < C explbler-) 
m=0 m=0 

(cf. a similar estimation in Section 2, ChapterIV, Volume 2). For 
sufficiently small 5 the exponent 2/(1 — 5) becomes smaller than 2 + e, 
for any « > 0. Thus, for any « > 0 the Cauchy problem for Eq. (1) 
is no longer uniquely solvable in the class of functions satisfying the 
inequality 


| f(x) | < Cexp[6 | x |?*¢]. 


® Cf. Section 7, Chapter IV, Volume 2. 
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5.2. The Equation u,, = a?u,, 


We consider the equation 
oe” Oat (1) 


where a is a (complex) constant. For real a, in particular, the wave 
equation is obtained, and for imaginary a one obtains the Laplace 
equation. We determine the uniqueness class for the Cauchy problem 


u(x, 0) = u(x), ai") == U(x). 


Defining the new unknown functions u, = u, u, = du/dt we replace 
Eq. (1) by the system 


Ou, OU 


aerial eee RE 28 
ot? at Ox? (2) 
Replacing further 1(0/dx) by s we obtain the system 
dv, dv, gg 
7 te SPU 
The fundamental matrix of solutions has the form 
cos as(t — t ES sin as(t — t | 
668 wie | a 0) 0) 
—as sin as(t — fy) cos as(t -— t) | 
The elements of this matrix are entire functions of s, of order py = | 


(here pp = 1, p = 2). Thus according to Theorem |, Section 3, we can 
assert that the uniqueness of the solution of the Cauchy problem for 
Eq. (1) is guaranteed within the class of functions f(x) satisfying the 
inequality 

| f(x) | < C exp] ~ 7], 


with arbitrary A. 

If a is a real constant the result can be improved. In this case, for 
real s = o the matrix O(s, ¢,, ¢) increases not faster than a polynomial 
(of first degree) in s. Therefore, according to the definition of Section 4.3, 
the system (2) is hyperbolic, and the uniqueness of its solution is 
guaranteed in the class of all functions, without any restrictions on their 
growth. 
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5.3. The Equation u,, = (1/a) u, 


We consider the equation 


C*u l ou 
DE aon (1) 
with the initial conditions 
ou(x, O = 
u(x, 0) = u(x); ee = u(x). 


This equation is of the same type as the one in Example 5.1], but the 
Cauchy problem has now a completely different meaning. Setting a = | 
and letting ¢ be a spatial coordinate and x a time coordinate, the corre- 
sponding heat equation will determine the temperature u(x, 2) if its 
values are known at all times at one point and the values of its spatial 
derivative are known for all times at the same point. 

In order to find the uniqueness class for the Cauchy problem for 
Equation (1) we replace it by a system, by means of the substitutions 
u, = u, uy = Cu/ct: 


The resolvent matrix is of the form 


cos(zs/a)!/*(t — ty) (ajis)'/* sin (is/a)!/? (t — to) 


—(is/a)!/? sin(ts/a)!/2(t — to) cos(ts/a)!/2(t — tp) 


Mr t01) =| 


The matrix elements here are entire functions of order p, = 4. It then 
follows from Theorem |], Section 3 that the uniqueness of the solution of 
the Cauchy problem for equation (1) is guaranteed within the class of all 
functions without any growth restrictions. 

In the following section we show how to simplify the computations 
involved in establishing the uniqueness class by making use of the 
characteristic roots (zeros) of the corresponding system. 
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6. The Connection between the Reduced Order of a System 
and Its Characteristic Roots 


6.1. A Fundamental Inequality 


As we have seen, the reduced order plays an essential role in the 
construction of the uniqueness class of solutions of the Cauchy problem 
for the system 


ou ep (i 2) u(x, 2) (1) 


By definition, this reduced order is the order of the entire matrix- 
function 


Os, t) — gt P(s). 


in the complex s-plane. 

In this section we shall reduce the problem of finding the order of 
exponential growth of the matrix Q(s, 7) to the simpler problem of 
finding the power-law order of increase of the characteristic roots of 
the matrix P(s). We denote by A,(s),..., A,,(s) the roots of the characteristic 
equation 


det || P(s) — AE || = 0. (2) 


The functions A,(s),...,A,,(s) are called the characteristic roots of the 
system (1). They are defined and continuous for all complex values of s. 

The characteristic roots of the system (1) occur in the solution of 
the following problem: find solutions of the system 


m 


Ou;(x,t) .@ a 
a 


which are of the form 
u(x, t) = C; exp[At — 15,x, — +++ — ts,x,| pT 25a, th), (4) 
with fixed values of s, ,..., 5, and A. 


Indeed, substituting (4) into (3) and dividing by exp[At — ts,x, — --- 
— 1s,x,| we have 


AC; = y CYP fs) G = l, Zhe m). 


k=l 
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This system admits nonvanishing solutions only if 
det || P(s) — AE || = 0, 
1.e., 1f A equals one of the characteristic roots of the matrix P(s). 
We define 
A(s) = max Re A,(s). (5) 


The main result of this section is summarized in the following 


Theorem 1. For any m < m matrix P(s), the elements of which are 
polynomials of s = (S, ,..., Sn) of degrees < p, the following estimate holds 
fort > 0: 

ef Als) <= | ef P(s) | < ci + | 5 [)om#—) Petals), (6) 


where || e'?'S) || denotes the norm of the matrix e'?) (1.e., the norm of the 
corresponding linear operator tn m-dimensional Euclidean space). 


The proof of this theorem is based on the following lemma. 


Lemma 1. Let P be an arbitrary m X m matrix with complex elements. 
Let further d, ,...,A,, denote the characteristic roots (eigenvalues) of the 
matrix P and let A = max ReA,. Then for t > 0 we have the inequality 


ll e#P || < e412 || Pl] + + + (2) || Pll). (7) 


Proof. If f(A) = Dx a,A* is an entire analytic function of and 
Pa matrix, then f(P) is defined by the power series 


f(P) =  ayP#. 
k=0 
But the matrix f(P) can also be constructed as a polynomial R(P). 
In order to achieve this!© one has to take a polynomial R(A), which 
takes at the points A, ,..., A,, corresponding to the characteristic roots of 
the matrix P the values f,; = f(A,),..., fin = f(A,). Here we assume that 
the zeros are all different (nondegenerate eigenvalues). The case of 
multiple zeros will be considered later. 
In order to determine the polynomial R(A) we choose from among 
the many available interpolation formulas the Newton interpolation 
polynomial 


R(A) = 6; + 4,(A — Ay) + 6,(A — AYA — Ag) + 
+ by (A — Aq)... (A — Am_1)- (8) 
10 Cf. p. 83 of the book by Gantmakher, cited on p. 58. 
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The eee b, ,....5,, are determined by putting successively 
KS Ne No shes We thus obtain the system of equations 


fi — by ’ 
fe = 6+ b(Az = A1), 
fs = bj + b(Asz _ A) e b3(A3 = Ai)(A3 i de), (9) 


Pi = b, =i; bo(A,» “i X,) + bslAyn mad A)Am ime Xz) + .st 
+ binlAry oo X,) ae An, — Xm—1): 


We introduce the notations 


[fi] = fis [fii] a 


fee Ee = Unie) 


93 J2 
[fica ciel i> bi eee 
[firierseiel = ae Te) ae . 
Then the Eqs. (9) yield successively 
by =f; a [fil ], 
fe —hi 
b, — 2-41 
2 ds = r, = [fie], 
_ fs —fi — els — A;) _ [fis] — ie] as 
int oor igang iV; Gas =. GES EE ee 
: (As — Ay)(As — Ag) As —- Ae ks 


oo © © © © @© © @© © © #© © #© #© #© © @ © #@ © © # # @ 


Brat = {fear —fi — frel(Anes — Ar) ~ 

—[fre...e}Ansa An) 7° Ansa — And} 
> {Acer — Arner — Ae) °° Ania — And} 

= {[fresal — [fie] — [fieal(Anzs ~ A2) — 
—hhe...el(Arzr — Ae) °° Arg — Ax)} 
> {Ansa — Ag) 1+ Angas — Ax} 

= {[fieru] — [fies] — °° 
—[fte...n}Ansr — As) °° (Arti — Ax) 
> {Agar — Ag) °° Acta Ad} = Pte ecat]s 


o © © © © © © © © © © © © © © @© © © © © © © # # © 


by, = [f 12°° as 
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One can obtain estimates for these quantities by means of complex 
integrations. We define the expressions (k = 1, 2,..., m) 


1 pty Epa 
mi) =f foo [FDL + Oe yA + 
+ (Ag — Agea)teea + (A — A;)t,] @ty +++ dt, . 
Integrating over the coordinate t, we have 
1 1 pty tee 
4) = yoy fo [FER + Oe Ad + 


Epigy 


te (A, ~ Apt is A, Jt] F 


1 pty fps 
ee ae re Wf tee a fE-PP, + (A, — At, +o 
+ (A —Ag_s)ty—y] dt, o> dty_y 


a ae - fp Se Oop, = NINE ei 


A) — A 
+ (Ay — Agei)te—1] dt, -° dt,..| = ee (10) 


We further denote u(A) = f(A). Then (10) yields successively 


ug(A1) = [fil 
UU = phy, 


uj(Az) = 
Um—(Am) = Prana] ~ Vir ncaa) Pre [fie...m]- 


Hence the numbers u,_,(A;.) (Rk = 1, 2,..., m) coincide with the coefh- 
cients 5, of the required interpolating polynomial R(A), and thus 


IL pty bend 
— eos (k-1) —= eee 
be = ff oo fF PD + Oe — dt + 
+ (A; = Aj1)te-1] dt, ated dt;,_, ‘ (1 1) 


We now show that for all values of ¢, , f,,...,¢,., which satisfy the 
inequalities O <t,_, <t,.°:+ t; <1, the argument of the function 
f‘* is situated within the smallest convex polygon B containing the 
points A, , Ay,..., Ax. 
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We have, in fact: 
Ay + (Ag — Ai)ty ott Ae = Agate 
= Ay(L — ty) + Ag(ty — te) + ove + Agta 5 
the coefficients in front of A, , A, ,..., A;. are nonnegative and their sum is 
Si pS ee ees = ay te = bh 


Thus the argument of the function f*-" coincides with the center of 

mass of the system of masses | — t, , t; — tg ,..., t;,, situated respectively 

in the points A, , A, ,..., A, and consequently is inside the polygon B. 
Let M,, = max, | f‘*(A)|. Then from (11) we obtain the final estimate 


| b.| << My_y. (12) 
In particular, for a function f(A) = e”, we have for ¢ > 0 


M,, = max | (e?) | = t* max | ef | = thel4, 
B B 


with A the maximal real part of the characteristic roots A, , Aq ,...,A,, - 
It follows therefore for the matrix P 


|| eP || = || RIP) || = |] b: + 4(P — A, £) 
+ 6(P — A\E)P — A2E) + + || 
<M, + M,||P —A,E|| + M2||P —A,E|\ || P— AE || + + 
< el + ei] Pil + [Ar |) + AU Pll + LAL DLP I + 1 Ae 1) +] 
< ef] + 2t|| Pl] + 44? || Pl? + ++ + (2e |] Pll) (13) 


since any eigenvalue of a matrix cannot be larger in absolute value than 
the norm of the matrix. This estimate was obtained under the assumption 
that the characteristic roots of the matrix P were simple. Continuity 
considerations show that the estimate is also valid in the general case, 
when there are multiple zeros among the characteristic roots. This 
accomplishes the proof of the lemma. 


Proof of Theorem 1. Let us apply the results of the lemma to the case 
P = P(s). Since the square of the norm of a matrix is not larger that 
the sum of the absolute squares of the matrix elements, and the polyno- 
mials which make up the matrix P(s) are of maximal degree p, we obtain 


| P || =] PO)! < Gd + | s |). 
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Consequently we arrive at the final formula 


| Qs, AI <I} ef? '|] CCU + [8 [prrVel@™, tt SO, 


which is the same as the right-hand side of the inequality (6). 

In order to obtain the left-hand side of the inequality (6), we consider 
a normalized eigenvector u; of the matrix Q(s, t) belonging to the eigen- 
value e’s'*) for which Re A,(s) = A(s). Then 


O(s, thu; = es u; , 
whence 
OCs, #) |] = sup || O(s, tu || > || OG, Au; || = ef, 
tuys 


as required. 

Theorem | simply reduces the estimation of the growth of the function 
e'P(5) to an estimate of the growth of A(s), where A(s) is the maximum 
of the real parts of the characteristic zeros of the matrix P(s). 

We shall call (exact) degree of growth (or power of growth) of a function 
f(s) the infimum of the numbers p which have the property that the 
following inequality is verified for all s: 


f(s) 1 <0. + [s |)? (14) 


The inequality (6) immediately implies that the (exact) degree of 
growth of the function A(s) ts equal to the (exact) exponential order of 
growth of the matrix e'?'*) and thus coincides with the reduced order of 
the system (1). 

It is clear from the second definition of the characteristic roots (given 
at the beginning of this section) that these roots are unchanged if the 
functions u,(x, zt) are replaced by their derivatives and their linear 
combinations. This implies the invariance of the reduced order of the 
system with respect to such transformations. 


Note. The inequality (6) allows one to reformulate in terms of the 
function A(s) some of the properties of the entire function e!'?"*), proper- 
ties which are consequences of the classical theory of the growth of 
entire functions, such as the Phragmén-Lindeléf principle, the indicatrix 
theory, etc. 

Let us illustrate one of these properties. It is well known that an entire 
function f(s) of order p, , which decreases exponentially in some direction 
with the majorization 


f(s) | <Cexp[—|s|",] pi > po, 


vanishes identically. 
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It follows then, from our previous results, that there does not exist 
a matrix P(s) = || P,,(s)||, for which the function A(s) satishes in some 
direction an inequality 


A(s) <—|s "1, Pi > Po- 


If the contrary were true, the function e!?*) would vanish identically 
on the basis of the foregoing, which is impossible. 


6.2. Computation of the Number pp 


The question how to determine the degree of growth of the function 
A(s) naturally arises directly in terms of the matrix P(s). The following 
theorem answers the question: 


Theorem 2. Consider the expansion of the characteristic polynomial of 
the matrix P(s) in powers of x: 


det|| P(s) — AE || = (—A)" + Py(s)av-} + + PA). 


Let p,; denote the degree of the polynomial P,(s) (with respect to the 
totality of variables s, ,...,5,). Then the degree of growth p, of the func- 
tion A(s) can be computed by means of the formula 


Pi 
— max —, 
Po l<jsim 7 


The following functions 
A(s) = max | Re A((s) |, 
IM(s) = max | Im 46) 
M(s) = max |A(s) | 


have the same degree of growth. 
We shall carry out the proof in several steps. 


I. Let us set temporarily 
7 


max =+ = q. 
j 
We show that the roots 4,(s) of the characteristic polynomial verify the 
inequality 
LA) <CU +0)" — (p =( 8). (1) 
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Admitting that the contrary is true, we find a sequence of points {s,} 
| s, | » 00 as vy» ©, for which one of the roots, say the first for the 
sake of definiteness, increases in such a manner, that 


| A,(s,) | = v(1 + p,)% (p, = | Sy l) 
holds. We have 
0 = Ay""(s,)(— 1)” + P,(s,)Ay"“(s,) + a +- P,,(S,) 


P,(s,) Pl) 
Ai(s,) Ay(s,) 


—_ A,™(s,) (-" + + eee + 


We obtain an immediate contradiction if all the ratios inside the square 
bracket vanish as v —> 00. Consequently there exists a j, and a sub- 
sequence {s, }, which we denote again by {s,}, such that 


| P,G,) |/| As.) > C > 0. 
Hence 
| Pi(s,) | > C | As.) | > CHL + p,)! 
and consequently the degree p, of the polynomial P,(s) is higher than q,/: 


Pi > Jo): 
But then 


Pill > Io» 
and thus even more strongly 


max(p;/j) > 4, 


which contradicts the definition of g, . Thus the inequality (1) is estab- 
lished. At the same time we have established the inequalities 


Re Aj(s) <C(1 + py, | Re Als) | <C(1 + p)%, 
Im Xs) | < C(I + py, 


so that the degrees of growth of the functions A(s), A(s), II(s), and M(s) 
are not larger than q . 

II. The problem consists further in proving that the functions A(s), 
A(s), TI(s), and M(s) have the same degree of growth. Before atacking 
this problem we establish the following lemma. 
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Lemma 2. The real part Q,(c,,...,7,) and the tmaginary part 
O,(o, ,..-. T,) of the polynomial Q(s,,..., 5,) of degree k are polynomials 
of the same degree k in the totakty of variables o,,..., 7, 5 for sufficiently 
large p > py they satisfy the inequalities 


Cip < max Q,(s) < Cop", 
Cap < max | Q,(s) | < Cyp*, (2) 


Csp! < max | O,(8) | < 
Proof. It is obvious that the degrees of the polynomials Q,(s) and 
O,(s) in the ensemble of variables o, r cannot be higher than k, which 
makes the right halves of the inequalities (2) obviously true. We further 
separate in the polynomial QO the group of terms of highest degree k: 


Os) = Qs) + OMS); (3) 


here Q!(s) is a polynomial of degree not higher than k — |, whereas all 
terms in Q%s) are exactly of degree k. The following decompositions 
hold together with (3): 


O,(s) = Qs) + Ors), Oils) = QPS) + Qi"); 


where QO,%(s) = Re Q%s) is a homogeneous polynomial of degree k in 
the variables o, ,..., 7, and Q,!(s) = Re Q!(s) is a polynomial in the same 
variables of degree not higher than k — |: the symbols Q,°(s) and Q,1(s) 
have a similar meaning. Let « denote a complex number satisfying the 
equation «* = 1. Since Q%s) is a homogeneous polynomial of degree &, 
we have 
O%(as) = aFQ%s) = 1Q%s). 
Thus 
max | Q,%s) | = max | Q,%s) |. 
But, obviously 
max | Q%s) | = Cop* < max | Q,%s) | + max | Q,%s) |; 
hence 
max | Q,%(s) | = max | Q,%s) | > 3Cop*. 


The lower-order terms Q,)(s) and Q;'(s) are of degree not higher than 
k — | and consequently cannot affect the preceding estimates. Thus the 
inequalities 


max | 0,5) | 2 C3p*, max | Q;(s) | Z Cp" 
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are certainly true for sufficiently large p. We further select the number «a 
in such a manner than a* = ~—]. Then 


O,°(as) = —Q,%(s). 
This shows that the ranges of the functions Q,°(s), — Q,(s) coincide in 
the domain |s| < p. Therefore 
max Q,%) = max | Q,%s) | > 


The lower-order terms which make up Q,1(s) cannot decisively influence 
this estimate and we obtain for sufficiently large p > py: 


pee ax O,M(s) 2 Cp* ’ 


as required. 

III. We now show that the ratio of the functions A*(p) = max, , A(s) 
and A*(p) =: max,,,-, A(s) is bounded from above and below by positive 
constants as | p | — oo. For this purpose we consider the polynomial 


Pi(s) = Aj(s) + ++ + Am(S); 


which appears as the coefficient of A”—! in the expansion of det || P(s)—AE || 
in powers of A. Let k be the degree of this polynomial in the variables 
Sy se) Sy. Che function >) Re A,(s) is the real part of the polynomial P,(s). 
For sufficiently large p > py , we have on the basis of the lemma 


Cp" < max Y Re dls) <Cyp* — (p = | 5), (4) 
Cyp* < max | Y Re Ais) | < (5) 
We order the A; in such a manner that Re A,(s) < ReA,(s) < --- < 


Re A,,(s). The aang, A*(p) equals max,,,., Re A,,(s) and A*(p) aaah 
either max,,,-, ReA,(s) or max,,,-, Re|A,(s)|. In the first case 
A*(p) = A*(p). Let us consider now the second case. For | s| <p we 
have 


>) Re As) < m ReA,,(s) < mA*(p). (6) 
j=1 
If we take in the left-hand side of the inequality the maximum with 
respect to |s| <p, then, on the basis of (4), we obtain the inequality 


Cyp* < mA*(p). (7) 
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Let » + 1 denote (for given s) the first subscript for which Re A,(s) 
becomes positive. The inequality (5) then implies that for | s| <p 


Re A,,,(s) + «+: + ReA,,(s) > | Re Ay(s) + +> + ReAs) | — Cyp*, 


and hence 
m Re X,,(s) > | Re A,(s) | — Cap*. (8) 


From (6) and (8) we obtain for | s| < p 
mA*(p) > | Re A,(s) | — Cyp*. 


Taking the maximum with respect to |s| < p in the right-hand side, 
we obtain 


mA*(p) > A*(p) — Cyp*. 


With (7) this yields the inequality 


A*(p) A*(p) 
Thus the ratio 
A*(p)/A*(p) 
remains bounded from above as | p | —> 0. Since A*(p) < A*(p) it is 
also bounded from below, which completes the proof of our assertion. 


IV. It will be shown now that the ratio of the functions 
IT*(p) = max II(s) and A*(p) = max A(s) 
s|<p Si<p 


is bounded from above and below by positive constants for p — 00. Let 
us assume the opposite to the true, i.e., that the ratio 


IT*(p)/A*(p) 


is unbounded for p— oo. If the functions p(s) =|Im4/,(s)| are 
labeled in such a manner that p(s) > p(s) > -*- > p,,(s), then also 
the ratio 


max 44(s)/4*(p) = w(s,)/4*(p) = C, 


will be unbounded. Let qg be the largest of the numbers for which 
('s| <p) 

tals) -" Hels) 

C,7TA*(e)]* 
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does not vanish at infinity. We show that for g < m 


fi(S) °°" Hq—a(S)Ha41(S) 35.) 
C,*[A*(p)]2 


(1s| <p, p— 0). 


If the contrary is true, then for a sequence {s,}| s, | < p,—» 0 we would 
have the inequality 


#(5,) Yo Pq—1(5,) Ma 4i(S,) Z aC3[A*(p,)]’, a> 0. (9) 
Since for any |s| < p, we have 


p(s) < pals) < wx(s,,) = C,,A*(p,), 


so that (9) implies the inequality p,,,(s,) > C,,A*(p,). It would follow 
then, since p,(s,) > wg+i(8,), that 


Hy(S,) °° a(S, Hg alS,) < CELA p, Io 


in contradiction with the definition of gq. 

We consider now the coefficient P,(s) inthe polynomial det||P(s) — AE ||. 
Let P,,(s) and P,,(s) denote its real and imaginary parts, respectively. 
The coefficient P,(s) is a sum of products of g of the roots A,(s),..., Am(S) 
each. The product ji,(s) --- ,(s) is the absolute value of one of the terms 
of P,,(s) or of P,,(s). According to its construction, this product is larger 
than B - C,4[A*(p)]*, B > 0, for sufficiently large s, | s | <p. Any other 
term in the polynomials P,,(s) or P,;(s) is obtained from this product by 
replacing some factors with factors p,(s) (j > g) or with ReA,(s). 
Consequently these terms increase considerably more slowly than the 
product under consideration. Therefore, one of the polynomials P,,(s) 
or P,,(s) increases faster than the other one. But this is in contradiction 
with the results of the lemma in Section 6.2. We thus reach the conclusion 
that the ratio IT*(p)/A*(p) is bounded from above. Replacing the 
polynomial 


P(e, X) = A" Py(sW"d 4 PAs)? 4 Palsy" 
with the polynomial 
P’(s, A) = A" + 1Ps)\a") — P,(s)Av-? — 1P,(s)A"3 E+, 


for which the roots 4,’(s) are related to the roots of the original polynomial 
through the relation 


Ay(8) = 1A,(8), 


we interchange the roles of the functions A(s) and J1(s). This implies that 
the ratio A*(p)/IT*(p) is bounded from above, as stated. 
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V. Since the function M*(p) = max,,,., M(s) satisfies the inequalities 
max{IT*(p), A*(p)} < M*(p) < IT*(p) + A*(p), 


it is clear that the ratios M*(p)/IT*(p) and M*(p)/A*(p) are bounded 
from above and below for p — ©. On the basis of III, this is also true for 
M*(p)/A*(p). Consequently, the four functions A*(p), A*(p), IT*(p), 
M*(p) have the same degree of (power-law) growth, which according 
to J cannot be higher than g, = max( p,/7). It remains only to be shown 
that this degree is exactly equal to g, and for this it is sufficient to con- 
sider one of the above functions, say M*(p). 

Let us assume that the roots A,(s) grow for | s|—» 0 slower than 
| $s |%o, so that 

| Ax(s) | = € | 8 |%, e> 0. 

According to Vieta’s theorem, the coefficient P,(s) of A? is equal to the 
sum of products of j characteristic roots A,(s) -*: A,(s). Thus 


Ps) | <€; | s |%0, e; > 0. 
It follows that the degree p, of the polynomial P,(s) is smaller than 39, 
for any j. Consequently 
Bili<d (G=1,2,..., m), 
or 
max(pj/}) < %o 


which contradicts the definition of g,. Thus the degree of growth of 
the four functions A(s), A(s), F(s), M(s) equals g,. In addition the 
following inequalities hold for A(s) 


A(s) <C | s |% for all | s| > pg, 
A(s) > Cy | s |% for some sequence {s,} | s, | > ©. 


This accomplishes the proof of our theorem. 
Corollary 1. The reduced order of any system of type (1), Section 6.1, 


is a rational number with the denominator not larger than the number 
of equations in the system. For one equation 


Ou si 
a? fae) 
the reduced order is an integer and 1s equal to the order I of the system. 


Corollary 2. Jf the characteristic roots increase slower than any 
positive power of | s | these roots are constant. 


6.3 Characteristic Roots and Reduced Order ae 


Indeed, in the case under consideration g, = 0, consequently p; = 0 
for any j. Thus the characteristic polynomial has coefficients which do 
not depend on s. But then the zeros of that polynomial are also inde- 
pendent of s. 


6.3. Computation of the Reduced Order of Systems with 
Higher-Order Derivatives with Respect to t 


We consider the system of partial differential equations containing 
partial derivatives of higher order with respect to t¢: 


u(x,t) < Qo. .@ a? ae 
ae Be Pi (Spiga tag) HO GF= bom, 


where the degree of the polynomial P,, in the variable 0/0t is smaller than 
the number y, . As established, such a system can be reduced to a system 
which is of first order in ¢, by introducing new unknown functions as 
follows: ; 


Ou 041 yu, 


—_— —. a1 To oe 

uy, — uy ’ Ujo — ot grees Wi, — Otel ) 
Ou, 042 y, 

Uo) = Uy ’ Uo = “Ot gerry Ur, — Ofte) 3 
OU,» Ohm" 

Uny = Um » Un = ot peers Yiny,, aT ttm] . 


This substitution reduces the system (1) to the form 


Ou, ‘ Oya ; 
ot —~ #12 > at “~~ 139 


Uy, 


0 .@ . @ 
at =D Pa (Spo igg roi ga) ta (2) 
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where the ¢-derivatives of the functions u,, in the right-hand sides are 
to be replaced by the corresponding functions wu, . 

In order to determine the characteristic roots (zeros) ,(s),..., A(S) 
of the system (2), it is not even necessary to write down the system 
completely and to form the determinant of order p, + --: + p,, . It is 
possible to prove that these roots can be determined directly from the 
system (1), as the solutions of the equation 


| Pu, Am P,2(, s) se PilA s) | 
Pass) PrxQys) — 8 Pans 8) | Lg (3) 
| P(A; 5) Pryg(A, S) ++ Pram(A, 5) — Ate | 


For the proof we remember that (cf. Section 6.1) the characteristic 
roots of the system (2) in the unknown functions u;, , are defined as the 
values of A for which the system admits a solution of the form 


Uy, = Cy, exp[At — 18%, — +++ — ByXp], 
Unin = Cmum EXP[AE — 184%, — *7t — 1S pXp]- 


The equations which determine A now take the form 


ACH, = Cre, AC\, = Chg 5 C1, = >; Pi(A, 8)Cia 
Cy = Cys ACz2 = Cys AC3,.. = >, Pola, Cia 5 (4) 


2u2 


. @ © © © © © © © © © © © © © © © © © © © © @ @ 


AC m1 mre Che ’ AC ne = Cs ’ ACen = > Pri, Cry . 


Multiplying among themselves the equations within each group we 
obtain 


Mm 


NOG, — », Pid, )C uy ’ 
k=1 


MC = DY Pala, s)Cus (5) 


k=l 


* © © © © © #© 8 @© © 


m 


mC nd = y Prridd, \Cu ’ 
k=l 
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It is clear form here that those values of A which correspond to nonvani- 
shing solutions for the C;,, (consequently, to nonvanishing solutions C;;) 
are solutions of the system (3). 

In particular, a single equation 


a iY oe ) 
orm (Fi Ox, Oey)? 


(6) 


with the degree of the polynomial P in the variable 6/ét smaller than m, 
is equivalent to the system 


Ou, 

ot Us» 

Ou 

a == us , (7) 
Om o..2@ ae 7) 

at =P(z, oT DE ey) ti 


where the ¢-derivatives of u, in the last equation should be replaced 
by the appropriate u,. The characteristic roots of the system (7) are 
solutions of the equation of mth degree 


A™ = P(A, 81 5.-4) Sn). 


Thus for the wave equation in one dimension (Section 5, Example 2) 
Cru » Ou 


oF = ? Ge (8) 


the characteristic equation has the form 
N= —ate 


with the roots Ay. = -tzas. The function A(s) increases linearly in 
s and for real a is bounded on the real axis. ‘Thus the wave equation is 
hyperbolic in the sense of Section 4.3. 

For the equation 


Cu 1 cu 
ar (9) 


the characteristic equation has the form 


i 


wets v= 4+(-2)" 
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Here the function A(s) has the degree of growth p, = 4. Hence the 
Cauchy problem is unique in the class of all functions, without any 
growth restrictions (cf. Section 5, Example 3). 

The characteristic equation for 


Oru _ omu 
otk = ax™ 
is 
AK(s) = (—isy" 


Thus the function A(s) has a power law behavior, with the degree of 
growth m/k. We have indicated above that the reduced order py is always 
rational. We now see conversely that each rational number can play the 
role of reduced order. 


7. A Theorem of the Phragmén-Lindeléf Type 


7.1. Formulation of the Problem and Examples 


Any solution of the Cauchy—Riemann equation 


we oe” (1) 


has the following well-known property: If this solution satisfies the 
inequalities 


u(x, t)| <Cexp[(lti+]«)") v<1}) (2) 


and 
| w(x, 0)| < CU 4+ |x|"), (3) 


then u(x, t) is a polynomial in the complex variable « + it. Indeed: The 
first inequality implies that as a function of x + it, u(x, t) is of order 
< y <1, and the second inequality implies that along the real axis, and 
at the same time on the sides of an angle 8 < /y, this function increases 
not faster than a polynomial. Since u(x, z) is an analytic function of the 
variable x + zt, one of the corollaries to the Phragmén—Lindeléf theorem 
(cf. Section 7, ChapterIV, Volume 2) implies that u(x, t) itself is 
a polynomial of degree < A. 
The solutions of the equation 
Ou(x,t) — Ou(x, ft) 


ot i Ox (4) 


7.1 Phragmén-Lindeléf Type ‘Theorem 8] 


do not exhibit similar properties. Indeed, since the general solution of 
Eq. (4) is of the form u(x, z) = U(x + t), where U is an arbitrary 
differentiable function, there exist special solutions which are bounded 
over the whole plane, but are polynomials neither in x nor in ¢. 

The question naturally arises: for what systems of equations of the 
form: 


Cus t) = y Py (i £) u,(x, t) G=1, seis m) (5) 


do the solutions exhibit properties similar to those indicated for the 
solutions of Eq. (1)? The following theorem encompasses a wide class 
of such systems. 


Theorem. Let the characteristic roots of the matrix || P;(c)|| be real 
for allreala = (0, ,..., G,) and let this matrix commute with its derivatives. 
If u;(j = 1,..., m) ts a solution of the system (5) satisfying the following 
conditions: 

(a) for all t and x:"1 


| u(x, t)| < Cexp[ag|t |” + bo{ eI", vy< 1,  & < (2pp)’ (6) 
(Py ts the reduced of the system, cf. Section 3.2) 
(b) | u(x, 0)| < CU +] « |"), (7) 


then u,(x, t) are polynomials in t of degree <r: 
ux, t)—= Yo Un(x)t,  r<ht+m+n+[l], (8) 
k=0 


(i.e., r ts the smallest even number > h + m + n) and the functions U;,(x) 
are solutions of the system 


> Pix (i 2) U; g(x) = qU;q(x) (q <n), 
(9) 


Ms: 


Py, (iA) Ujlx) = 0. 


1 


we 
i 


11 Jn the n-dimensional case exp[d, | x |"] is to be interpreted as 


exp[o | x, [* + +++ + do | Xm |*]. 
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The reality condition for the characteristic roots of the matrix P(c) 
takes on a particularly simple form in the case of a single equation 
(m = |). In this case it simply means that the coefficients of this equation 
(involving the operators 1 0/0x) are real. Equation (1) satisfies this 
condition, but Eq. (4) does not. 

The proof of this theorem is contained in the following section. 


7.2. Proof of the Theorem 


The condition (6) of the preceding section permits us to consider the 
solutions of the system (5) as generalized functions depending on a para- 
meter ¢ and defined over the test function space W,! (h <q < (2p,)’). 
By definition this test function space consists of entire analytic functions 
g(x) = ox, ,..-) X,) which satisfy the inequality 


| p(x + ty) | < Cexp[— | ax |% + | by |7] 


with constants a, b, C depending on @ (cf. Chapter I, Section 1). 
Subjecting the system (5) of Section 7.] to a Fourier transformation, 
we obtain the Fourier-dual system 


cE =P P,,(0)0,(6, t), (1) 


where 7,(c, ¢) is a functional on the Fourier-dual space Wa = Wt 
(Section 3, Chapter I). Any entire function of order <q’ is a multiplier 
in the space W%. . 

In particular: the resolvent matrix of the system (5), Section 7.] 


Ols, 4) = er 


is of order py , as established in Section 3. Here fy is the reduced order 
of the system (5). Since ¢ < (2p))’, it follows that 2p) < q’, and even 
more So py < q’, so that the resolvent matrix QO(s, ¢) is a multiplier in the 
space W%,. As a consequence of the fundamental theorem in Section 4 
the Fourier-transformed system 


du(s, t) 
dt 


= P(s)es, #) (2) 


with the initial condition 


U(o) = u(x, 0) 
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admits a unique solution in the space [W2.]’: 


v(o, t) = etP(y,(o), 


Since the generalized function u(x, z) is a solution of the system (2) and 
at the same time the Fourier transform of the solution u(x, t) of the 
system (5) of Section 7.1, we have 


atte ll 
v(a, t) = u(x, t) = e!Py (0). 


By definition of the Fourier transform for any vector function (x) € W,? 
and (oc) = g(x) € We , we have 


(2°? v9(o), #(o)) = (u(x, t), p(x). (3) 


We shall denote this function of t by F,(¢). 
Since the initial vector-function u(«, 0) satisfies the inequality (7) of 
Section 7.1, there exists an (even) number 7 such that the ratio 


U(x) = u(x, O)/(1 + ay? + +> + x,)"? 


of the vector-function u(x, 0) and the polynomial of degree 7 in the 
denominator, is an integrable function. Here 7 can be set equal to one 
of the two integers >h + + 1 orh + n+ 2, whichever is even. Then 


u(x, 0) _ (1 s. Ag ot aia. + Xn?)"/?U(x), 


oe? Ce 


Ug(a) = u(x, 0) = (1 ge at 


yr) = RB) as 


where R(@/dc) is a differential operator of order r. Making use of this, we 
transform the left-hand side of (3) according to the rules of handling 
vector-valued generalized functions: 
F(t) = (ePv(a), (2) 
= (v4(0), e!? f(a) 


= (0 (2) Mo, ere) 
2) ereue) 


(ey 


- (Vio), R ( 


= fs Vo) pi tketP"() P (c)R, (=) H(0)| do. (4) 
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Since the matrix P(c) commutes with its derivatives, we have 


oP*(c) 


g exp[#P*(c)] = t ia, 


C0; 


exp[tP*(c)] 


etc., which proves the last equality in (4). 

In order to prove that F(Z) is an entire analytic function of the complex 
variable z, of order smaller than 2, we show that the integral (4), as well 
as the integral of the derivative of the integrand with respect to ¢, 
converges absolutely for all complex t; we also give an estimate of the 
order. 

Let g,{c) = P,(c) R,(6/@c) o(c). Both (c) and g,(c) belong to W2.. 
Hence we have the estimate 

| go) | < C, exp[—| ayo |"] (k = 1, 2,..., 7). 
The function V(c) is bounded also for t = t, + zt, , and 
et") || <I] exp[tP*(o) || - || explitaP*(0)] | 
< | exp[] 4 | P*(e) sgn 41) || ° || exp[] 42 | P*(e) Z sgn #3] || 
< CU + Jo Pr? exp[C | t|(| o |? + 1), 


Thus the integral admits the following estimate for large | ¢ | 


| V(o) | #* exp[tP*(o)] Px(o)Ru(@/2e(o){ do 
=e k=O 
<BY lef exp[Cl el +o] exp[—| ao |*"] do 
k=O aoa! 

<Bexp(C lt} tif explC lt] |ol? — | ae |") do. (5) 

The Young inequality (Chapter I, Section 3) 
uray" | l 
ele tae. ta!) 
implies for the functions 
u=C|t|, v= |a|?o; 

the following estimate 


exp[C | t| | o |?o] < exp[C, | t |* + C, | o |?o*’). 
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We choose A’ so that 
qg —€ <p <q’, 


where ¢€ is a smal] quantity. We then have the following upper bound 
for (5): 


Bexp(C|t}+C,|¢P) el [— explCy| 0 |X’ — | ao |" do, 


This integral converges, so that the order of F,(¢) is not larger than A. 
Since, by definition, (2f))’ > gq, it follows that 2p, < q’; furthermore 


7 — * . 2p —€ 


2, 
Po Po . 


> 
hence 
A <2. 


The integral of the formal derivative with respect to ¢ of the integrand 
is easily seen to be absolutely convergent. This implies that F,(¢) is 
indeed an entire function of the complex variable ¢, of order lower than 2. 
We investigate the behavior of this function for real and purely 
imaginary values of t. 
For real ¢, the estimate (6) in Section 7.] yields 


FC) | = |, ), 2) | < J | mle h(a) | de < C explb | #1 


In order to obtain an estimate of F,(¢) along the imaginary axis, we make 
use of the following theorem: 

Let P(c) be an m x m matrix which for each o = (0, ,..-, 6) has only 
real characteristic roots. Then for each real 0 and in each bounded domain 
of the variable o, the inequality 


eee [Ca as (6) 


holds. 
The proof follows from the inequality 


P| Se 4 2e| PI + + (2eI) Pi"), 4 = max Red,, 


which was proven in Section 6, by replacing t by | @ | (@ is real) and P(c) 
by 2P(c) sgn 6. The matrix 2P(c)sgn @ has only imaginary zeros 4,. 

We apply the estimate (6) to the equality (4) for purely imaginary 
t = 10. Since the characteristic roots of the matrix P*(c) are real at the 
same time as those of the matrix P(o), it follows that F(t) does not grow 
along the imaginary axis faster than a polynomial of degree 7) = r+m-— |. 
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Thus the function F(t) does not increase faster than exp(d| ¢ |”) along 
all four coordinate semi-axes of the ¢-plane. Since, as was proved, F(t) 
is also of order smaller than 2, the remark after the Phragmén-Lindeléf 
theorem (Section 7, Chapter IV, Volume 2) implies that it is of order 
(lower than) y in each of the four quandrants of the ¢-plane. But then 
F(t) is an entire function of order < y. It does not increase faster 
than a polynomial along the imaginary axis, i.e., along the sides of an 
angle with opening @ < m/y, and therefore, on that basis, is itself 
a polynomial in ¢ of degree not higher than 7 . 

We now show that the function u(x, z) is itself a polynomial in ¢ of 
degree not higher than 7, . In order to do this, we establish two simple 
lemmas. 


Lemma 1. Jf the sequence of polynomials of degreer, R,(t) (v = 1, 2,...; 
—0O < t < ©) converges for each t to a function R(t), then R(t) ts itself 
a polynomial of degree not higher than r. 


Proof. Let 
R(t) = Ay + at + ae + a 


For t = 0 the ay have the limit ay, for v — o. Consequently, the 
polynomials 


By +o + yf 


converge for all ¢ (to a limit equal to (R(#) — a )/t for t = 0). It follows 
that the a,, have a limit a, , and each sequence a,, has a limit a; . Defining 


Ro(t) = dy + at +" + at", 


we will obviously have R,(¢) — R,(t) for all ¢«. Thus R(z) = R,(2), Le., 
R(t) is indeed a polynomial of degree <r. 


Lemma 2. Let u(x, t) be a vector function satisfying the inequalities 
in Section 7.1; then for any real xo, the function u(x — x9, t) also satisfies 
the same inequalities, possibly with different constants C, dy, and by. 


Proof. It is geometrically obvious that for any 6 > O there exists 
ac > 0, such that for any real & the following inequality is satisfied: 


OES 1 PROS he 
Replacing € by x,/x,° we find: 


b| x; — 49 |’ <db| x; |y +c] x), 
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whence, upon summation over /, it follows 


bY |x, —- xP |< bY |x, |~+e>d | xP’, 
t=1 tel t=1 
which yields the required inequality. 

The fact that the u,(x, ¢) are polynomials in ¢ can be proved as follows. 
Consider an even, nonnegative nonvanishing function (oc) ¢ W%. The 
convolution %,(c) = f%o(o — €) oo(&) dé also belongs to W2 (cf. the 
discussion at the and of Section 6, Chapter IV, Volume 2). The Fourier 
transforms go(x) and g(x) of %o(x) and %,(x), respectively, belong to the 
space W,%, since W,4 = Sj7/%. Here g(x) is a real function and 
p(x) = go*(x) iS nonnegative, with 


5 2 
91(0) = 900) = (| Po(o) do) > 0. 
Consider the functions 


_ pilex) 
[obese 


which also belong to W,? and in addition have the properties: 


p(x, Xo) as 


(a) p(x, X) > 0, 
(bo) | ele, x9) dx = 1, 


and, since 
] l 
J eile — x) dx =; [oxyde =z, 
we also have 
(c) | p(x, 0) | < Cy | pve) | < Cv exp[—a(vx)'*]. 
For any fixed t we have 
lim | u(x, tp,(x, x) dx = u(xy, 2). (7) 


In order to prove this, we first consider the case x9 = 0. Then 


u(0, t) — | u(x, p,(x, 0) dx | < f | w(0, 1) — u(x, 1) | p.(2, 0) dx. 
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Since u(x, t) is continuous in x for x = 0, we have for an arbitrary e > 0 
and a sufficiently small 6 > 0 


| | u(0, t) — u(x, t) | p(x, 0) dx <« | p(x, 0) dx <e. (8) 
xl<l6é lal<é 


The integral over the complement of the ball | x | < 6 can be estimated 
as follows: 


| | u(O, t) — u(x, t) | p(x, 0) dx 
lxl>6 
Ra | OF i exp[b, | x |” vee") dx 
lal>6 


<Ci[ explo giv” — a € 1] dg 


[él v6 


< Cif expr 1h — a EMM dE <e (9) 


for sufficiently large v. 
The inequalities (8) and (9) imply (7) for x9 = 0. For an arbitrary 
value of x» we make use of Lemma 2. Then: 


| u(x, t)p, (x, Xo) dx = | u(x, t)p(x — Xo , 0) dx 


= | WE + x, tp(é, 0) dé, 


which, on the basis of Lemma 2, and of that just proved, converges to 
u(xy, t). Thus the limit relation (7) is proved. 

As we have seen above, the functions U,(t) = f u(x, t) »,(x, x9) dx are 
polynomials in ¢ of degree not larger than 7,. Making use of Lemma 1, 
it follows that u(x, , ¢) is also a polynomial in ¢, of degree not higher 


than 7p : 
To 


u(x,t) = )) Ux(xo)t*, 
k=O 
or, also 


u(x,t) = ) U,(x)t*. (10) 
k=0 
As a solution of the system (5), Section 7.1, the vector function u(x, f) 
is differentiable with respect to x, or, more precisely, is in the domain 
of the differential operator P(z ¢/@x). We must show that each coefficient 
U,(x), (Rk = 0, 1,..., 79) possesses the same property. This is established 
with the help of the following lemma. 
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Lemma 3. The order of differentiability of the coefficients U,(x) with 
respect to x 1s the same as the order of differentiability of the vector-function 
u(x, t) = D529 U,(x) t* with respect to x, for any fixed t. 


Proof. Setting successively ¢ = 0, 1, 2,..., 79, we obtain for U;,(x) the 
system of equations 


u(x, 0) = U(x), 
u(x, 1) = U(x) + U,(x) + > + U, (x), 
u(x, 2) a U(x) ae 2U,(x) iia 27oU, (x), 


u(x, 7) = U(x) + 7)U,(x) + > + 10U, (x). 


Since the determinant of this system is of the Vandermonde type, and 
hence nonvanishing, we can solve with respect to U(x), U,(x),..., U,,(x). 
The solutions will be linear (with constant coefficients) in u(x, 0), 
u(x, 1),..., U(x, 79) and hence will be differentiable exactly as many times 
as the latter ones. Thus the lemma is proved. 

Substituting (8) into the equations (5), Section 7.] and differentiating 
term by term with respect to x (which is legitimate, according to lemma 3) 
we obtain 

To ro a 
Y AU ya)? = YP (i=) Ue), 


k=@Q 


whence 
. 0 
AU (x) = P (ix) Ural); 


in particular 
. o 
P (i =) U, (x) = 0, 
. o 
P (i =) U,, 1(%) = 7U, (%),--- 


Thus the theorem is completely proved. 

Setting ¢ = O in Equation (8), Section 7.1, we have u(x, 0) = U(x) 
(in vector notation) and (9) implies P’(z 0/éx) u(x, 0) = 0. Thus the 
Cauchy data for the solution under consideration are themselves solu- 
tions of a system of equations in the variables x. Recalling the results of 
Section 2.4.2, Chapter III, Volume 2, we can strengthen the formulation 
of the theorem: 
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If the determinant of the system (1) vanishes only in a bounded region of 
o-space, the functions U(x) in the solution are entire functions of order < |; 
uf the determinant vanishes only. for o = 0 the functions U(x) are poly- 
nomuals; if the determinant does not vanish at all, u(x, t) = 0. 


APPENDIX 1!2 
Convolution Equations 


We consider systems of equations of the form 


Sp def = a eet) (J = 1, Quem). (1) 


As before, the functions @,(x, t) are assumed for each fixed «(0 <t < T) 
to belong to some test function space ®. The fj, are convolution- 
functionals (‘‘convolutors’) over @® (cr. Section 3.2, Chapter III, 
Volume 2). For simplicity we assume that the f,, do not depend on t. 
We further assume that the Fourzer transforms of the f,,, are functionals over 
® of the type of entire analytic functions. This is true on the basis of the 
theorem of Section 2.2, Chapter III, Volume 2 for the particular case 
when the support of the functionals f,,. is concentrated in a bounded 
region of the space R (distributions with compact support). 

Special cases of equations of the type (1) are the following: 

systems of differential equations, where the functionals f;, are derivatives 
of the delta-function; 

systems of difference equations, where the functionals f;, are translates 
of delta-functions; 

systems of integral equations, with kernels depending on the difference 
of the arguments, when the functionals are regular functions with 
compact support. 

In addition to the system (1) we also consider the initial (Cauchy) 
data: 


(x, 0) = p(x) € ®. (2) 


12 In the following appendices the methods of Section | will be applied to certain 
equations and systems which do not fit directly into the general scheme. 

Appendix | deals with systems involving convolution operators. In particular, this 
class contains systems of difference-differential equations. 

Appendices 2 and 3 deal with special cases of systems, for which the coefficients 
depend on the spatial coordinates. 


Al. Convolution Equations 9] 


For the moment, let us assume that x is a point on the straight line. 

Our purpose is to determine the uniqueness classes for the Cauchy 
problem (1), (2). 

The formally Fourier-dual system 


dis ,(s, t) a Ld 
aaa a X farksybulss t), (3) 


is obtained from (1) by replacing the operator f;, * by the operation of 
multiplication by the entire analytic function fils) This is a system of 
ordinary differential equations where the coefficients are analytic 
functions of s. ‘The system can be transcribed in vector form 

adib(s, t 

HED — Aus, 0 (4) 
where A is the operator defined by the matrix POY The elements of 
the resolvent matrix 


Os, ty 4) = ett (5) 


(which determine a fundamental system of solutions of (4)) are entire 
analytic functions of s. If the differential operator O(2(0/0x, ty, t) is 
defined on the space ® (and maps @ into itself or into a wider space ®,), 
then, in the same manner as in Section 3, this operator is the resolvent 
for the Cauchy problem (1), (2). The problem therefore arises, to find 
out under what conditions Q(7(@/0x, t) , t) is defined on the space ®. 
In order to do this we estimate the growth of the functions Q,,(s, ty , t) 
which make up the matrix O(s, ty, 2). 

We start with the case of functionals f,, with compact support. Then the 


entire functions Fil) can be majorized as follows (cf. Section 2.2, 
Chapter III, Volume 2): 
| file + ir) | <C(L + | o |*) ePoltl, (6) 


where the number / depends on the functional f,, and {| x | < bp} is the 
smallest cube containing the support of the functional f;,. Making use 
of the Young inequality (Section 3, Chapter I) 


en < +0 a (6 +-=1), 


we can rewritte (6) in the form 


| filo + tr) | < CLC + | @ |e + eerie), 
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This implies that the norm of the matrix fs) = I Foes) satisfies the 
inequality 


AG) I < CLC + | o | + eorlrty, 


and therefore 


O(, to #)l) <expl( — HIF) I] < explCx(t — tI + 1 o 1") 
x exp[C,(¢ — ty)e?or!7!]. 


As a test function space we choose now one of the (vector-) spaces 
W2,°, (Section 1, Chapter 1). This space consists of vectors, the com- 
ponents of which are entire analytic functions g(x + zy) satisfying the 
inequalities 


| p(x + ty)| < Cexp[—M[(a — 8)x] + Q[( + pip] 


where M(x) and Q(y) are convex functions. In Section 3, Chapter I it 
was shown that the Fourier dual space 6 = W is of the same type 


wae = Were, 
where the functions M, and 2, are the Young duals of 2 and M, 
respectively. We set /,(c) = o%/q where q is an arbitrary number larger 
than hp and 2,(r) = e’7—7r— 1. Then, according to Section 2, 
Chapter I, the functions making up the matrix Q(s, ¢, , t) are multipliers 
in the space W;7"'/, and map this space into the space Wis) ete; “This, 
in turn, shows that the operators which make up the matrix OG 0, Ox, to, t) 
are defined and bounded in the space ® == W%;’, and map it into the 
space ®, = W?”,, l/a’ = (1/a) + bor. The function M(x) which is 
Young-dual to 2,(r) is 


M(x) = (x + 1) In(w + 1) — x 


and is equivalent to the function «x In x. 
Thus the components of the vector belonging to the space ® decrease 
along the x-axis according to the inequality 


| p(x) | < Cs expl—(a’ — 8) || In |x], = + + by. 


The number a can be chosen arbitrarily large, the number r may be as 
close as convenient to ], therefore the coefficient inside the round 
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brackets in the exponent can be made arbitrarily close to 1/b, . We denote 
this coefficient by (1/d)) — 8’. 

As space E we select the space of functions g(x) with the norm 
defined by 


lelle = exp(- joy lin | #1) lip) i de 


with arbitrary 6 > 0. Then for sufficiently small 8’ the spaces ®, ®, 
will be completely contained in the space E. 
Applying the theorem of Section 4, we obtain the following result. 
If the solution of the system 


Ouse = Y fr u(x,t) (f= 1, 2y05m) (7) 


is a set of functionals defined on the space ®, which for allt (0 <t < T) 
belong to the space E’, this solution 1s uniquely determined by its Cauchy 
data 

u,(x,0) = ux) Ee BE’. (8) 


In the same manner as in Section 3, it can be shown that any classical 
solution of the system (7), 1e., a set of functions u,(x, 2) satisfying the 
system and the inequalities 


| u(x, t)| < < Cexp[(Z-— 8) | #1 In| «]), 


is also a generalized solution of the system in E’. Therefore the class of 
functions u(x) satisfying the inequahty 


| ' 
| u(x) | < Cexp|(5- 8’) | | Inj x |], (9) 
for any fixed 8’ is a uniqueness class of solutions of the Cauchy problem 
for the system of convolution equations (7). 

In particular, for a difference system corresponding to convolutions 
with the functionals f,, == 5(x — x;,), the number 64,, defining the 
maximal length of the intervals which support the functionals f;, , 
coincides with the number H = maxj| x,;, | (the maximal translation). 
Therefore, for a system of difference equations, the coefficient |/b, — 8’ 
in the exponent of (9), which determines the uniqueness class for the 
solutions of the Cauchy problem, can be replaced by 1/H — 6. The 
same is also true for a difference-differential-system, defined by con- 
volutions with 6(x — x,,). 
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Under certain additional restrictions, one may consider convolution 
equations with functionals f,,. having noncompact support. For instance, 
consider a functional f,,, which is of the type of an entire analytic function 
belonging to the space S,’, a + B = |. Then fis) is an entire analytic 
function belonging to the space S,* and consequently satisfying the 
inequality 


| filo + ir) < C exp[—dg | o | + by | MO) < C exp[y | 7 [VO], 


By a similar argument as above, we find that the norm of the matrix 
satisfies the inequality 


| O(s, fo » #) | < Cy exp[C(t — fo) exp[bg | 7 |'/0>*]. 


Such a matrix O(s, tf) , ¢) defines a multiplier in the space W® where 
Q(z) = eb" The Fourier-dual of this space is W,, with M(x) 
equivalent to | x | In!~*x. Therefore, using the same reasoning as above, 
we find that the u#queness class of the solution of the corresponding Cauchy 
problem is the class of functions u(x) satisfying the inequality 


| u(x) | < Cexp[| x | In| x |] 


APPENDIX 2 


Equations with Coefficients Which Depend on x 


A2.1. The General Scheme 


Consider a continuous family of normed spaces (a <A<b < ow) 
such that ®, D ®, for A < yp; the intersection of this family is ® = N®@, . 
Consider further a linear operator A mapping each of the spaces ®, 
into any of the wider spaces ®,(A < yp) (one could also denote such an 
operator by A,’ : ®, — ®,). We assume that the norm of A is 


| C 
|All’ <o—- 


We show that the operator Q = e!')4 is bounded for sufficiently 
small t — t, , and maps each space ®, into any of the larger spaces ®, . 
For the proof, we partition the interval A < € < p» into n equal parts of 
length («1 — A)/m by menas of the points & = A, &,, &,..., &) = p.- 
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The operator A” can be represented as a product of m operators A, 
each mapping the space ®, | into ®, . In particular, we obtain 


C n 
| A" ILA < TH 46, | Peery, = Cyn" 


Therefore the series 
= (t = to)" nila . n n” n 
2 ni | A Ie < oy C\ nm (t — ty) 
n= n=O : 


converges for t — ty < 1/(C,e). This means that for the indicated values 
of t, there exists the operator Q = e''—%)4 mapping the space ®, into ®, , 
as asserted. 

This operator Q == Q;, allows one to construct a solution of the 
Cauchy problem for the equation 


AD = g(t) 


with Cauchy data o(t)) = g). The solution 9(t) = Q1,(to) belongs to 
the space ®, if p(t,)e@,, A < pw, and ¢ — ft, is sufficiently small. 
A2.2. Systems with Convolution Operators 


Let us consider the system of convolution equations of the form 
PHD — ante) f° gale — 82) don (1) 
where the functions p,,(€) are of bounded variation in (— 0, 00) and 
[oe | dpnle)| = C, <0 (2) 


at least for some interval of values of 0 < py <p < po. 
We assume that the functions a;,(x) éatishy the inequalities 


| a(x) | Sale| +6. 


We denote by ®, (u) <A < p,) the normed space of functions g(x) 
with the norm 


Pil = sup | p(x) | eAlzt. 
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(In the vector case we have to substitute for | »(x)| the Euclidean norm 
of the vector g(x)). Obviously, for A < p» we have ®, D @,. 

We show that the operators of the right-hand side of the system (1) 
satisfy the conditions of Section 2A.]. If p(x) belongs to ® and 


Wx) = [oe — 8) dol), (3) 


where p(£) is a function of bounded variation, satisfying an inequality of 
type (2), we have 


J oe — 8) ap(s) 


<sup evel [pli e-#len# | dp(€) 


! f(x) le = sup | u(x) | e#l@] = sup e#!# 


=llpli,sup [ _ e*wlei-ulensl j dol), 
<lipllesup [el \dp(2)| = Culley. 


Thus the operator (3) maps the space ®, into itself and has a norm which 
does not exceed C,,. 
Let o(x) € ®, and 


Pax) = a(x)h(x), 
where a(x) satisfies the inequality 


| a(x)| <a|x} +6. (4) 


Obviously, the function %,(x) can belong to any space ®, for A < p 
(but in general does not belong to ©, itself). We have: 


II Ba(%) lla = sup | a(x)yb(x) | e4l# 
< sup | a(x) | eA) I#I « sup | p(x) | etl, 
We estimate the first factor in the right-hand side. According to (4) 


| a(x) | eH tl Ca| x | eM ltl + be@-#) Ia], 


By means of differentiation it is easy to see that the maximum of the 
first term does not exceed a/(e(z — A)). It is obvious that the second term 
does not exceed JB. 
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Thus 
I Hele) < [ay + 4] ODL 


which implies that the operation of multiplication by a(x), considered 
as an operator from ®, into ®,, A < yp, has a norm which does not 
exceed 
a a 
——_——- +) < —~ 
e(u — A) p—a 
Consequently each element of the matrix of the system (1) is an operator 
mapping the space ®, into ®,, A < yp, with a norm bounded by a,(p — A). 
The system (1) can be rewitten in vector form 


oN). = Aglty 


forp —A<C. 


where g(t) is a vector with coordinates ¢,(x, t). A is the operator in the 
m-dimensional space, defined by the matrix of the system (1). This 
operator obviously maps the vector space ®, into any ®, A < yp» and its 
norm does not exceed C/(p — 4). 

According to the results of Section A.2.1, the Cauchy problem for 
the system (1) with initial data belonging to the space ®, always has 
a solution 


P(t) = ett-te)4p(t5) 


for any space ®,) @®,. On the basis of the fundamental theorem in 
Section 2, the Cauchy problem for the inverse-conjugate system 


Puss ~ Yass) ful — 8) dl6) (5) 


can only have a unique solution in the space which is dual to any ®, . In 
particular, the uniqueness class for the Cauchy problem for the system 
(5) is the totality of functions f(x) which satisfy the inequality 


| f(x) | < Ce*l#! (6) 


for any fixed A, np, <A < po. 

If the p,,(€) are step functions, the system (1) becomes a system of 
pure difference equations. Thus, for systems of difference equations (1) 
with coefficients which do not increase faster than the first power of 
the variable, the class of functions f(x) defined by the inequality (6) is 
the uniqueness class for solutions of the Cauchy problem. 
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We obtain the same result if we replace the test function space ®, 
consisting of functions of a real variable g(x), exponentially decreasing 
along the x-axis, by a space ®, consisting of entire analytic functions of 
order h > |, with the norms defined by 


IP ll, = sup | p(% + ty) | exp[A| x] +A" | y |") (x = —5) (7) 


(in the vector case we have again to replace | g(x + zy)| by the Euclidean 
norm of the vector @). As coefficients a(x) we can take linear functions 
of z = x + ly. 

The proof proceeds along the same lines as before. One must only 
majorize the quantity 


—= | | h 
A = sup yj exp[(<~ — 3) Paue 
This majorization is easily achieved by means of differentiation, namely 


C C 
4<qQrym < Gor forp —A<G, 


as required. This second form will be used in the next section. 


A2.3. Kovalevskaya Systems 
A system partial of differential equations of the form 


u,(x, t) = ¥ tia Caste 0u,(x, t) 


OF in(X) 3 — 


+ bylsuc(e, 1) (1) 


k=1 


is called a Kovalevskaya!® system. We show that if the functions a,;,(x) 
and b,,(x) are Fourter transforms of exponentially decreasing measures, 1.e. 


Aj(x) = | e'?* do;,(o), bi(x) = | Cs dp;,{2); (2) 
with 


f e#l2! | dos.(a) | < 00, iis el"! | dpF(o)| <0 = (jn | <p), (3) 


18 Translator’s note: We have used the russian feminine Kovalevskaya in place of the 
transcription Kowalewsky often used in Western literature. 
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then the class of functions f(x) satisfying the inequality 
| f(x) | < Cell", 


for any fixed p, is a uniqueness class for sqlutions of the Cauchy problem. 


Remark. In order that the function a,,(x) and 6,,(x) be representable 
in the form (2)-(3) it is necessary that they be analytically continuable 
into the strip |Imz| <p, and remain bounded within this strip. 
A sufficient condition for this representability is that the functions 
obtained by analytic continuation possess a majorant which is absolutely 
integrable for —0oo < x < o. In this case the Stieltjes integral reduces 
to an (improper) Riemann integral. 


Proof. We choose as test function space ® the space of functions (x) 
which can be continued analytically into a strip | Im z| < A (A depends 
on g(x)) and satisfy the estimates 


| p(x + ty)| <Cexpla|x |?) (p> 1), 


where the constant C is bounded in the strip | y| < A. This space 
coincides with Sj 1/p (Section 2, Chapter IV, Volume 2). 

It was shown in Volume 2, Chapter IV that the Fourier dual space 
Y = ® = S§}/? consists of entire analytic functions ¥(o + ir) satisfying 


| b(o + ir) | < Cexp[—a’ |o| +b’ | 7 |”'], 


with |/p + 1/p’ = | and a’ is a constant depending on 4. 
The inverse-adjoint system of (1) (in the sense of Section 3.2), 


else 1) t) => ig Fx Laas) Pax, t)) + dii(x)p,(x, ty . (1’) 


considered as a system with unknown test functions q,(x, t), can be 
subjected to Fourier transformation. 

The products d,,(k) p(x, t) are transformed into the convolutions 
ys(o) * #,(o, t). Since the Fourier transform of a,; is by definition 
a measure, we have 


Gi,;(2) * p,(0, t) — [ b,.(o = é, t) dr,(€), 


with the function 7,,(¢) of bounded variation for —0o0 <o < ©. 


100 UNIQUENESS CLASSES FOR CAUCHY PROBLEM Ch. II 


Thus (1’) becomes 


Op,(o, t) ess sy 


a of thle — A) dol) +f wlo—& dal}. 4) 


k=1 


It was shown in Section A2.2 of this appendix that for such a con- 
volution system the operator Q; which solves the Cauchy problem 
exists. 
According to the general theorem of Section A2.2, the Fourier- 
transformed Q/p = Gj, solves the corresponding problem in the space ©. 
Consequently, the Cauchy problem for the system 


Pl) Naule i Eley 1) + baleduats, 0) (1) 


k=1 


has a unique solution in the space ©®’. It follows, in particular, that the 
functions f(x) which satisfy an inequality 


| f(x) | C exp[| x |” 


for p, < p, form a uniqueness class for the Cauchy problem of Eq. (1), 
since these functions define continuous linear functionals on the space ®. 
It is easy to see that p, as well as p are arbitrary. This completes the 
proof of the theorem. 


APPENDIX 3 
Systems with Elliptic Operators 


A differential operator L(D) = Yiqi<p, %(x) D® is said to be elliptic 
if the sum of its highest order terms Lo(D) = Yqjp @,(x) DY has the 
following property: For any fixed x, the function L,(¢) = Yjg)_p» @q(x) o% 
is nonnegative for all real co, and vanishes only foro = 0. The coefficients 
a,(x) are assumed to be continuous everywhere and bounded, together 
with their first-order derivatives. 

Consider a system of the form 


ut oe) =yP Pi AL, t)u,(x, t) (j = I, 2,..., m2), (1) 


where P,, are polynomials with coefficients which are functions of ¢ for 
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0 <t< TT. We are interested in solutions satisfying the initial condi- 
tions 


u(x, 0) = u,(x) (j = 1, 2,..., m). (2) 
Theorem. If the resolvent matrix QO(s, ty, t) of the inverse-adjoint 


system of (1) 


ee =P lS, Dials, t) (3) 


admits in the s-plane (s = o + ir) an estimate 
|| Os, fo. #) Il < Cy exp[B(t — fo) | 5 |], (4) 
then the functions f(x) which satisfy the inequahty 
fle) | <Cexpfy le] (5- +551), (5) 
1 1 
form a uniqueness class for the Cauchy problem (1), (2). 


If the coefficients of the polynomials P,,(s, t) = P,,(s) are constants, 
then in order that (4) be true it is sufficient that the characteristic 
roots (s) of the matrix P(s) satisfy the inequality 


A(s) = max Re A,(s) < CL + [5 /). (6) 

Before giving the proof, we note some of the properties of the solution 
of the Cauchy problem for equations of the form 

eulat — Lu (7) 


where L is an elliptic operator. We shall make use of the following 
results due to 8. D. Eidelman. 


Equation (7) always admits a solution if the initial function u(x, 0) 
satisfies the inequality 


| u(x, 0)|<Cyexp[—aixin] (+75 =1) (8) 


here C, and a are constants. The solution u(x, t) satisfies, for each t > 0, 
the inequality 


| u(x, #) | < Cy! exp[—a’ | x |?1'] (9) 
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For t > 0, u(x, t) 1s an infinitely differentiable function of t, and its deriva- 
tives with respect to t satisfy the inequalities 


| M(x, 


or mat) < CB%q! exp[—a' |x|] (q = 0,1, 2,..,). (10) 


Differentiating both sides of (7) with respect to t, we have 


6 u(x,t) L Ou(x, t) 
ot Oot ot’ 


i.e., the function @u(x, t)/Ct is also a solution of the equation (7). Since 
L(6u(x, t)/ Ot) = L(Lu), the operator L can be applied to u twice. Repeating 
this argument, one can see that L can be applied to u(x, t) arbitrarily 
often. Due to the inequality (10) we have 


| Lu(x, t) | < CB%q! exp[—a’ | x |?1'] 


We can now prove the theorem. As test function space ® we choose 
the space of all functions g(x) defined for real x which can be subjected 
an arbitrary number of times to the operator L and satisfy the inequalities 


\| L(x) || < BYg! exp[—a | x |?1']. 


It follows from the results quoted above, that such functions exist indeed. 
For example, solutions of Eq. (7) with initial conditions satisfying (8) 
satisfy the requirements for t > 0. One can even show that the space ® 
is sufficiently rich in functions, in the following sense: if for some locally 
integrable function f(x) the integral 


J fleex) ax 


exists for all gp € ®, and vanishes for every » € ®, then f(x) = 0 almost 
everywhere. For the proof we consider a solution u(x, t) of the Cauchy 
problem (7), (8) corresponding to an initial function u(x) of compact 
support. Since for each t > 0 u(x, t) € ®, we have by assumption 


[> feux, 1) dx = 0. (11) 


The function u(x, ¢) satisfies the inequality (9) with C,’ independent of t. 
If f(x) in turn satisfies the inequality 


f(x) || <A, exp[4 |x |"'], A <a, 
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one can go to the limit t — 0 in the integral (11) and we obtain: 
| : f(x)ug(x) dx = 0. 


Since u(x) is an arbitrary function of compact support, it follows indeed 
that /(x) = 0 almost everywhere. 

The test function space constructed by us corresponds to the space 
S)4 with « = 1/p,’, the operator 0/0x being replaced by L. We therefore 
denote ® by LS!4%4, The principal theorem of Section 5, Chapter IV, 
Volume 2 is valid in LS!-2 . We reformulate this theorem as follows: 

Let f(s) be an entire function of order | and type smaller than 1/(Be?); 
then the operator f(L) is defined and bounded on the space ® = LS1'8 and 
maps this space into the space ®, = LS}-%°. 

The proof can be taken over literally from Volume 2, by replacing 
o/ox by L and B by 1. 

By assumption the resolvent matrix Q(s, t,, ¢) of the system 


PEAS, 8) =F Puls, Hs, £) 


is of order one and of type not larger than b(t — t)). Replacing the 
variable s by the operator L, one obtains (on the basis of the preceding 
theorem) an operator defined on LS!\4, for sufficiently small ¢ — t,, 
which maps this space into L.S1:4°. At the same time, O(L, ty, t) is the 
resolvent operator for the Cauchy problem of the inverse-adjoint of 
the systems (1) and (2). This can be proved by the methods known from 
Section 3. 

Thus, the inverse-adjoint of the Cauchy problem (1), (2) has a resolvent 
mapping the test function space L.S!4 into L.S1-4°. 

Let E denote the space consisting of measurable functions g(x) 
endowed with the norm 


gle =f _ expla) x 1%}|| g(x) il ae. 


For a < A, LS?!:3 (as well as L.S?:3¢) is part of the space E, and it 
follows from the above that it is a dense subset of E. 

We are thus within the requirements of the theorem of Section 2.2: 
We have three spaces ®C ®, C E with ® everywhere dense in E, the 
operator O(L, t, , t) maps @ into ®, and the inverse-adjoint of the Cauchy 
problem (1), (2) has a solution belonging to ®, for arbitrary initial 
functions (x, t) € ®. 
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Specialized to the case under consideration the theorem yields the 
following result: The Cauchy problem for the system admits at most one 
solution, belonging to the space E’ for all t (0 <t < T). In particular 
the system admits at most one solution with 


| mix, #) | < Cy exp[B | x |). 


The operator 
Lu = Au + q(x)u, 
where 4 is the Laplacian, and g(x) is a continuous function which is 
bounded everywhere together with its first order partial derivatives, is 


an example of an elliptic operator. Here the number p, is 2. Our results 
imply that for any equation of the form 


Ou 
ao Au + q(x)u, 


with a an arbitrary (complex) constant, the functions f(x) which satisfy 
an inequality 
| f(x) | < Cexp[6 | x |?), 


form a uniqueness class for the corresponding Cauchy problem. 


CHAPTER III 


CORRECTNESS CLASSES FOR THE 
CAUCHY PROBLEM 


1. Introduction 


We consider the system of partial differential equations 


COPD = Pa (EG) al) Fb Poor (1) 


with the initial (Cauchy) conditions 
u(x, 0) = u,(x). (2) 


In Chapter II we have found the uniqueness classes for the Cauchy 
problem for all such systems. We have left open the problem of existence 
of solutions. 

In this chapter we shall indicate for each system of the form (1) 
a natural class of initial conditions (Cauchy data), guaranteeing the 
existence of a solution for the system (1) and (2), which depends 
continuously on the Cauchy data. Since in each case the considerations 
will be carried out within the uniqueness classes appropriate for the 
given system, as established in Chapter II, the solution we thus find is 
also unique. 

We shall make use in this chapter of the method of Fourier transforms 
for generalized functions. 

The system (1) should be considered as a system in unknown 
generalized functions u,(x,t), i.e., linear continuous functionals over 
a test function space ® (corresponding to the appropriate uniqueness 
class for the Cauchy problem). After subjecting the system (1) to a 
Fourier transformation in the variables x, we obtain the system of 
ordinary differential equations 


Ph) => P;,(s)u;,(s, t) (3) 
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with the initial condition 
v,(s, 0) = vs) = u,(x); (4) 


here v,(s, t) is to be considered a linear functional over the space V = @. 
It will be shown (cf. Theorem 1, infra) that the solution of this Cauchy 
problem (which is unique in the given class) 2s, in vector notation, 


v(s, t) = O(s, t) - u(s, 0), 
where (5) 


Q(s, t) = efPis) 


is the resolvent matrix-function for the system (3). 

Making use of the theorem on the Fourier transform of a product 
(Section 3, Chapter III, Volume 2) the inverse Fourier transform of 
the solution (5) yields 


u(x, t) = G(x, t) « u(x, 0), (6) 


where G(x, t) is the Green’s matrix’ (or matrix Green’s function), i.e. 
the inverse Fourier transform of the matrix-function Q(s, t); the Ath 
column of the Green’s matrix yields a solution of the Cauchy problem 
(1) and (2) with Cauchy data of the forrn u,(x,0) = 0 for 7 4k, 
u(x, 0) = d(x). 

In general, Eq. (6) defines a generalized function. It is one of the 
purposes of this chapter to clarify under what conditions the solution of 
the Cauchy problem is an ordinary function. 

For this purpose we shall subject the matrix-function G(x, t) to 
a detailed analysis and shall impose appropriate restrictions on the initial 
function u(x, 0). The better “behaved” the function G(x, t) is, the weaker 
will be the conditions to be imposed on the initial functions u(x, 0). It 
turns out that if the matrix G(x, ¢) is made up of ordinary functions, we 
do not have to impose any smoothness conditions on u(x, 0), and it is 
sufficient to require that the growth of these functions as | x | — 00 
should not be too rapid in order to guarantee the convergence of the 
integral which defines the convolution (6). If the Green’s matrix G(x, t) 
is made up of generalized functions of order h (i.e., which are derivatives 
of order A of an ordinary function) then the existence of the convolution 
(6) as an ordinary function is guaranteed by requiring that the initial 
functions u(x, 0) admit derivatives up to order #. Finally, if the matrix 


1 The Green’s matrix is sometimes called the ‘“‘elementary solution”’ of the system, 
the term Green’s function or matrix being reserved for the nonhomogeneous equation, 
with a delta-function in the right-hand side. (Translator’s Note.) 
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G(x, t) consists of generalized functions of ‘‘infinite order” (i.e., general- 
ized functions which are not derivatives of finite order of ordinary 
functions), one has to require that the initial functions be infinitely often 
differentiable, or even analytic. The indicated possibilities are of course 
determined by the structure of the resolvent matrix Q(s, ¢), in particular 
by its behavior in the complex plane of the parameter s. In turn, as we 
have seen in Chapter II, the behavior of the matrix Q(s, t) depends 
essentially on the behavior of the characteristic roots A,(s) of the matrix 
P(s). Accordingly, we distinguish three classes of systems: 


1. PARABOLIC SYSTEMS 


These systems are characterized by the fact that the function 
A(s) = max; Re A,(s) satisfies for real s = o the inequality 


As) <—CloP+C, 


with C > 0, A > OQ. It turns out that in this case, the elements of the 
matrix G(x, t) are ordinary functions which decrease exponentially for 
| x | —» 00, Therefore, the solution of a parabolic system exists for any 
(locally integrable) initial data u(x, 0), with no restriction whatsoever 
on their smoothness (differentiability) and which may even have a 
corresponding exponential increase for | x | — 0. Quantitatively one 
can express this increase in terms of the reduced order p, of the system, 
the parabolicity exponent # and a characteristic of the function A(s) 
which will be called the genus of the system and will be discussed below 
in Section 2, The convolution (6) then becomes an analog of the Poisson 
formula for the heat equation. 


2. SysteMs WuicH ARE CorrEcT ACCORDING TO PETROVsSKII 
(PETROVSKII-CORRECT SYSTEMS) 


These systems are characterized by the fact that the function 
A(s) = max; Re A,(s) is bounded for real s = o: 


A(s) < C. 


In this case the matrix elements of G(x, t) are generalized functions of 
finite fixed order / (i.e., derivatives of fixed order / of ordinary functions). 
Therefore the solution of such a correct system exists for initial functions 
admitting derivatives up to an order determined by the number /. The 
growth properties of these functions for | x |—» 00 depend on the 
system (1); the initial functions can be either functions of arbitrary 
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growth (hyperbolic systems) or functions with exponential growth 
(regular systems) or, finally, functions of only power law growth (systems 
of the Schrodinger type). This behavior is also determined by the 
function A(s). 


3. INCORRECT SYSTEMS 


These systems are characterized by the fact that the function A(s) 
actually increases according to a power law along the real axis. The 
convolution (6) will be an ordinary function only if the initial functions 
are infinitely differentiable or analytic. If the inequality 


A(s) <Clofh+C, 


holds for A < 1, the initial functions must be infinitely differentiable 
with some additional conditions on the growth of their derivatives. In 
the general case, when 


A(s) < Clo|™+C,, 


the initial data must be analytic, of a definite order as | z| = | x + zy |—>00. 
Let us return to the formulation of our fundamental theorem. We 
consider the system of partial differential equations (in vector notation) 


with the initial condition 
u(x, 0) = up(x). (8) 


The unknowns u(x,t) are considered generalized functions over 
some test function space ®, chosen in such a manner that the solution 
of the Cauchy problem should exist and be unique in the dual space @’ 
(the space of generalized functions). We have indicated in Chapter I], 
Sections 3 and 4 how to construct such spaces. After performing a 
Fourier transformation we obtain the equivalent problem 


a = P(s)v(s, t), (9) 
v(s,0) = u,(s), (10) 


where v(s, t) is a generalized function defined on the Fourier-dual ¥ = ©. 
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Theorem 1. The Cauchy problem (9) and (10) admits the solution 
(still in vector notation) 


us, t) = Os, t)e(s, 9), (11) 
where 


Ols, t) = Pe 


is the resolvent matrix-function of the system (9). 


Proof. As was shown in Chapter II, the adjoint operator of multiplica- 
tion by the function 
exp[#P*(s)] 


is defined and bounded in the space ¥ (for 0 < ¢ < T) and maps that 
space into a wider space Y, . The same is true also for the operator 


P*(s) exp[tP*(s)] 


which is obtained by formal differentiation with respect to ¢ of the first 
operator. Therefore both operators 


e'P(s) and = P(s) efP ts) 


are defined and bounded in the space ¥,’ and map this space into ¥’, 
For At — 0 the operator 


A exp[tP*(s)] __ exp[(t + 4t)P*(s)] — exp[tP*(s)] 
At At 


converges (for each test function ¢(s)) to the operator P*(s) exp[¢P*(s)], 
since the functions 


a ee (s) = P*(s) exp[(t + 04t)P*(s)] 4(s) 


are bounded in the topology of YW, and converge regularly to 
P*(s) exp[tP*(s)] y(s). Therefore the adjoint operator in the space ®,’ 
satisfies the relation 


Sepia — expel —> P(s) exp[tP(s)] 


for each generalized function v,(s). This implies that the expression 


os, t) = exp[tP(s)] o9(8) 
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defines a solution of the equation (11). For t — 0, the operator exp[¢P*(s)] 
converges to the unit operator on each test function ¢(s) (due to the 
boundedness in YW and the regular convergence of the functions 
exp[tP*(s)] u(s) for ¢—> 0). It follows that the adjoint operator e!?'*) 
converges to the unit operator on each generalized function v,(s). In 
other words, in the topology of 


e!P(s)z(s) —> U,(s). 


Thus the solution (11) satisfies the initial condition. 

It should be noted that the elements of the matrix Q(s, t) are multiplica- 
tion operators (multipliers), mapping the space ¥' = ©’ into itself. 

In agreement with the preceding, the generalized function 


u(x, t) = G(x, t) * u(x) 


is a solution of the system (7), satisfying the initial condition (8). This 
solution depends continuously on the Cauchy datum u,(x): if the initial 
function u,(x) depends on a parameter A and uy converges to zero for 
 — 0, as a functional on the test function space ®, the solution u(x, 2), 
which also depends on the parameter A, converges to zero in the topology 
of the dual space of ®, for every fixed ¢ > 0. . 

The proof is carried out by means of Fourier transformation. The 
solution of the Fourier-transformed system 


u(s, ft) = efP')y,(s) 


also depends on the parameter A. Due to the continuity of the Fourier 
transform, u,(x) > 0 implies v,(s) > 0 (in the space W’). It further 
follows from the properties of the multiplier e'?'*) that for A — 0 we also 
have e!?'8)y,(s) = v(s, t) > 0 in WY. Carrying out the inverse Fourier 
transformation, we find that u(x, t) > O in @’, as required. 

The following important circumstance requires attention. Had we 
shown that the solution of the system (1), written in the form (6) 


u(x, t) = G(x, t) x u(x, 0) 


is an ordinary function, this would not imply that u(x, ft) is also a solution 
of the system (1) in the usual sense, since u(x, 2) might not admit deriva- 
tives in the conventional sense, either with respect to x or with respect 
to t. This function is a solution of the system (1) in the generalized function 
(distribution) sense: i.e., for each test function g(x) 


Zi u(x, t)(x) dx = | u(x, t)P* (i =) p(x) dx. (12) 
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If the function u(x, t) is sufficiently smooth, so that the operator ¢/é¢ in 
the left-hand side of (12) can be taken under the f sign, and the right- 
hand side can be subjected to an integration by parts, transposing the 
differential operator onto the function u(x, ¢), only then is the function 
u(x, t) also a solution in the conventional sense for the system (1). 

Sufficient smoothness (differentiability) of the function u(x, t) in the 
variable x can be ensured by imposing additional smoothness require- 
ments on the initial function u(x, 0). As regards the smoothness of the 
function u(x,t) in the variable tf, it is completely determined by the 
properties of the function G(x, t), and there does not seem to exist 
a general method for investigating it. 

The same is true for the verification of the initial condition. The 
solution u(x,t) which has been constructed verifies this condition 
u(x, 0) = lim;., u(x, t) in the sense of generalized functions (i.e., the 
limit is taken in the space ©’); this means that for every test function 
g(x) we have 


lim | u(x, t)\p(x) dx = | u(x, O0)g(x) dx. (13) 
It seems likely that the equality (13) is in itself the most correct 


expression of the fact that the initial condition is satisfied. 


2. Parabolic Systems 


2.1. Definition and Examples 


A system of order p with constant coefficients 
enter) = ps Py (i =| u(x, t) (1) 
is said to be parabolic, if the function A(s) = max; Re A,(s) satisfies for 
real s = o the inequality 
Ate) < —CilefP+C,, C>0, A>O. (2) 
The number A is called the parabolicity exponent (index) of the system (1). 


Example 1. The heat equation 
Ou Ou 


Ot Ox? 
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here 
Ns) = —s, A(e) =Xo) = —8%, CH=1, h=2. 


Example 2. The equation 


Ou Ou .(. OVP 
Bn aa ti (gg) b> 2 (3) 
with 
A(s) = —s® + 25?, A(c) = Re Xo) = —o*, h =2. 


Example 3. Systems which are parabolic in the sense of Petrovskit 
(Petrovskti-parabolic). We decompose the matrix P(s) of the system (1) 
into a sum of P(s) and R(s), such that the first matrix contains only the 
highest order terms (terms of order p) and the second contains all the 
lower order terms. 

Let 4,(s),..., A,,(s). denote the characteristic roots of the matrix P(s). 
A system (1) is said to be Petrovskit-parabolic if for | o | = | the quan- 
tities Re A,(c) are bounded by a fixed negative constant —w. We show that 
each system which ts Petrovskit-parabolic is also parabolic in our sense and 
the parabolicity index h for such systems coincides both with the order p 
and with the reduced order p, of the system. 


Proof. Let the characteristic roots 4,(5),...) Ajm(S) of the matrix P(s) 
satisfy for | o | = | the inequality 
ReA,(c) << —w. 
We set = a/|o|, y,(c) = 1,(c)/| o |?. Factoring out | o |? from all 


elements of the determinant det|| P(o) — AE || and dividing by this factor, 
we obtain an equation of the form 


det || P(é) + eo) —yE|=0, yy =Allo}?, 


where «(c) — 0 as | o | — 00. The zeros of this equation converge for 
| ¢ | — o and fixed o/| o| = € to the Zeros of the equation 


det || P(é) — yE|| = 0 


uniformly with respect to & for | €| = 1 (otherwise there would be 
a contradiction with the theorem on continuous dependence of the 
roots of an equation, where the coefficient of the highest power is one, 
on the other coefficients). Thus, for sufficiently large | o | > ay 


Ao) 


| o |? 


—A,£) < s ? 
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and since ReA,(é) < —w, we have 
Re Ajo) < jo |? ReA(é) + dw | o |? < — dw jo/?. 
Therefore for arbitrary o we have the estimate 
A(c) = max Redo) < — fw|o|? + C. 


Consequently, the system (1) is indeed parabolic with parabolicity 
index p. 

As a consequence of the note at the end of Section 6.1, Chapter II, 
the function A(s) has for complex s a (power-law) degree of growth not 
lower than the order of its decrease for real s = o. The power-law 
order of the function A(s) for complex s is the reduced order p, , hence 
~p <p,. On the other hand, it was shown in Section 3, Chapter II, that 
always p < p,. Hence, in the case under consideration, we have 


h =p = Po: 
as asserted. 

We further note that the heat equation (Example 1) is parabolic 
according to Petrovskii, whereas the parabolic equation (3) does not 
belong to the class of equations which are parabolic in the Petrovskii 
sense. 


2.2. The Resolvent Matrix 


According to the general method described in Section 1, we shall solve 
the Cauchy problem for the system (1) of Section 2.1 by means of Fourier 
transforms. The transformed system becomes a system of ordinary 
differential equations 


MED — rises, 0, (1) 


with the resolvent matrix 
O(s, f) = AP), 


We estimate the resolvent matrix QO(s, t) for the case of a parabolic 
system. 
First of all we have the estimate (cf. Section 3.2, Chapter IT) 


| OCs, Ai) << CCL + js [POP exp[t | s |Po), (2) 


since the system has reduced order py . 
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Making use of the parabolicity condition and the inequality (6) in 
Section 6.1, Chapter II, we obtain for real s = o 


| Ole, t)i| < Ci + | @ |)?" exp[—at | o |"). (3) 


Remark. Conversely, if the inequality (3) holds, the same fundamental 
relation (6) in Section 6.1, Chapter II implies that 


A(s) < —CloP+Q, 


l.e., that the system under consideration is parabolic. Thus one could use 
the inequality (3) as a definition of parabolicity of a system. 

All the following constructions will be based only on the fact that the 
inequalities (2) and (3) hold. This allows one to include also systems 
with variable coefficients (depending on #) and also more general systems 
(e.g., convolution equations) which upon Fourier transformation reduce 
to the form: 


ats.) = P(s, t)u(s, t) 


with a resolvent matrix Q(s, ¢) satisfying the inequalities (2) and (3). 
In the sequel we shall call all such systems parabolhc systems. 


2.3. The Genus of a Parabolic System 


Lemma 1. Every parabolic system has a reduced order p, strictly larger 
than |. 


Proof. Weconsider the sum of all characteristic roots A,(s)-+-----+A,,(s) 
of the matrix P(s). Being one of the coefficients of the characteristic 
polynomial det || P(s) — AE ||, it is itself a polynomial in s,,..., 5, . Its 
real part R(s, ,..., $,) 18 a polynomial in o, , 7, ,..., o, » T, - Assuming that 
Po < 1, this means that the polynomial R(s, ,..., s,,) increases for | s | 00 
not faster than |s |, and therefore is at most of first degree. For real 
5 = a, it is consequently a real function of the arguments o, ,..., o, 


n 
Roy 4.5 Gm) = Ay + > ATh - 
k=l 


But a linear function cannot go to — o when | a | — oo. Therefore, 
the system under consideration cannot be parabolic, proving our 
assertion. 
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Let us apply the Theorem | in Section 7, Chapter IV, Volume 2 to the 
functions QO(s, ¢) for fixed ¢. It follows from that theorem that there exists 
a domain H,, determined by the inequality 


Ir; <A 4+ fol), p Sl —(p — 4A), (1) 
where 
|| O(e + tr, t)l| < Cexp[—a’t | o |"), (2) 


and the constant a’ differs by arbitrarily little from a.’? 

The least upper bound of the numbers yp satisfying the inequalities (1) 
and (2) is one of the most important characteristics of a parabolic system. 
We shall call this number the genus of the system. 

We do not know whether the l.u.b. is attained in the class of all 
admissible numbers p. The subsequent derivations will be carried out, 
for simplicity, under the assumption that this l.u.b. is attained, so that p 
in (1) can be considered equal to the genus of the system. Should this 
not be true in reality, one could choose as » in the subsequent construc- 
tions an arbitrary number which is smaller than the genus of the system, 
with appropriate modifications of the formulations of the statements. 

We shall see below that the correctness class for the Cauchy problem 
of a parabolic system 1s determined by the genus of the system. This class 
consists of those functions f(x) which for | x | > 00 have an exponential 
growth of order <p, = p,/(P)p — ») for systems of positive genus 
(u > 0) or of order < p, = h/(h — p) for systems of nonpositive genus 
(« <0). In the first case, the admissible order is a number larger than 
one (for systems of positive genus) and in the second case (nonpositive 
genus) this order is smaller than or equal to one. 

One can gain information about the genus of a parabolic system with 
constant coefficients by considering its characteristic roots. On the basis 
of the fundamental inequality (6) of Section 6.1, Chapter II, which 
connects the growth of the function Q(s, t) with the growth of the 
function A(s) = max, Re A,(s) the genus of a parabolic system may also 
be defined as the largest exponent, such that in the region 


[r| < K(Q1 + |e |) 


the function A(s) satisfies the inequality 
Ms) < —ClofP+C,. 


2 The parameter t does not occur in the formulation of the indicated theorem. But 
the constant a’ can be taken in the form a(1 — e) for arbitrary « > 0, and it is easy to 
see that in the presence of t one can replace the coefficient at by at(1 — «) = a’t: the 
region H,, does not depend on ¢, as is clear from its definition. 
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Note. It was already stated that 
pu 2 | — (fo — A). 


The number p can in reality exceed | — ( p, — A). 


Example. Assume that the characteristic roots of the matrix P(s, 2) 
are of the form 


A,(s) = ts® — s4 A(s) = ts* — s®. (3) 


In this case py = 6, h = 2 and Theorem 1, Section 7, Chapter IV, 
Volume 2 yields p» > —3. In fact the function A(s) = max RefA,(s) A,(s)} 
decreases according to a power law in the region |7| < AK(l + | o¢\)"! 
(with the exponent —1, instead of —3). In order to see this we expand 
the real parts of the roots A, and A, 


Re A,(s) = —6ro® — of + ...,, Re A,(s) = —4ro? — ao + ..., 


where the dots denote lower powers of o. 

In the region |7| < A(1 + |o|)-! with sufficiently large K > 0 the 
first term cannot be larger than —Cj,o* and the second term cannot be 
larger than —C,o*. This implies that in the indicated region A(s) does 
not exceed —C,o7 + C3. Therefore one may take for » the value —1. 

V. M. Borok has shown that for systems with one space variable one 
can construct simple formulas for the computation of all characteristics 
of the system. Every zero of the equation det || P(s) — AE || = 0 can be 
expanded in the neighborhood of the point at infinity into the series® 


A(s) = ags*o + asks + ++ + ags*e + ..., 


(« #0)withk, > k, > --: rational exponents (which can be determined 
by means of the Newton polygon). Among the coefficients a, there are 
certainly some for which Rea, #0. Let Reay = Reg, = °° = 
Re a,,_, = 0, but Rea, #0. It can be shown that ky, k, ,..., kp, 1 are 
positive integers, and k,, is a positive even integer. The following formulas 
are true 


Po = Max ky h=mink, p = mink, —k, + 1} 


(with respect to all roots) 


3 Cf. N. G. Chebotarev, “Teoriya algebraicheskikh funktsii” (Theory of Algebraic 
Functions), Chapter IV. Gostekhizdat, Moscow-Leningrad, 1948. 
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In particular, the following three characteristic quantities: the reduced 
order p, the parabolicity exponent # and the genus , are integers in the 
case of one space variable (in addition A is an even integer). 


2.4. The Fundamental Theorem for Systems with Positive Genus 


Theorem 1. Consider the parabolic system 
0 t , 
Se YP (iG) mes) = teen) (1) 


of positive genus » > 0. If the imitial functions {u,(x, 0)} = uo(x) of 
this system belong to the class K,,, of functions f(x) which satisfy the 
inequality 


[fi < Cexplby| #1", with py = > Fe (2) 


then, for sufficiently small t > 0 and arbitrarily given b, > b,, the 
solution of the system belongs to the class K 


Proof. We first assume that the number of independent variables is 
n= 1. Since p, = Po/( Po — #) < Pol Po — 1),* the class K, 4 18 
contained, for sufficiently small 7, in the uniqueness class of the Cauchy 
problem for the system (1). Within the uniqueness class the solution of 
the Cauchy problem for the system (1) can be written as a convolution 


u(x, t) = G(x, t) « u(x, 0), (3) 


with G(x, t) the Green’s matrix—i.e., the inverse Fourier transform of 
the resolvent matrix of the system of ordinary differential equations 


Be dojs, t) -> Py (syox(s,t) (j= Ay... m)- (4) 


In general, the convolution (3) transforms ordinary functions u(x, 0) 
into generalized functions u(x, t). We have to show that the convolution 
maps the class K,, ,, into the class K, , ,1.¢., that the ordinary functions 
belonging to the class K, ,, are taken by the convolution into ordinary 
functions belonging to the class Ky, », 

For this purpose we construct the matrix function G(x, t). Its Fourier 
transform coincides with the resolvent matrix Q(s, t) of the system (4), 
hence we shall investigate the properties of this latter matrix. For QO(s, t) 


‘ The inequality » < 1 has in fact been proved in Section 7, Chapter IV, Volume 2. 


118 CORRECTNEssS CLASSES FOR CaucHy PROBLEM Ch. III 


we have derived in Section 2.2 the estimates (2) and (3), and in addition 
we know that p > 0, by assumption. According to Theorem 2 in Sec- 
tion 7, ChapterIV, Volume 2, for t > 0 the matrix Q(s, t) satisfies the 
inequality 


| OCs, Ail < C’ exp[—at | o |* + b't | x |?o/*], (5) 


where the constant b’ is not larger than B,(a + 5,). B, depends only on 
the region H,,, but not on ¢. 

Assume that the time coordinate ¢ varies between 0 and 7. Then the 
inequality (5) implies that the matrix elements of Q(s, ¢) belong to the 
space W?,/+-® consisting of all entire functions g(s) which admit the 
majorizations 


Bp 
|sto(o + in)i < Cy exp [2 |4, iro’, 


for arbitrary @ > 6 and (p/p,) 0?" = b’T (cf. Section 3, Chapter II).5 
According to the theorem on Fourier transforms of the space W?o/-® 
(Section 3, Chapter I) the elements of the matrix Q(x, t) belong to the 
Fourier dual space 


ee 
Wo/.8 — W piu)’ 1/8 » 
with ( p,/u)' defined by the equation 


Lo 
(bole) * (olny 


Consequently 
(Polt)’ = Pol(Po — #) = Pi 


It follows from Section 1, Chapter I that the functions g(x) belonging 
to a space W,, , satisfy the inequality 


| p(x)| < Cexp [-; — | ax P|, a<a arbitrary. 


Thus, in the case under consideration 


l 


x |P1 


| G(x, | < Cexp (— 


), 6>6 arbitrary. (6) 


5 In reality the elements of the matrix Q(s, t) belong to the smaller space ahaa but 
we cannot fix 6’ independent of t in the interval (0, JT). The notations for the spaces 
used here agree with those of the end of Section 3, Chapter I. 
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It should be explicitly understood that this estimate is valid for all t 
in the closed interval 0 < t < T where (/p,) 6?9" = O'T. 

Thus G(x, t) is an ordinary function, with exponential decrease. We 
consider now the ordinary convolution 


G(x, t) « u(x, 0) = | GE — x, tule) dé 
= | GE, due ~ £) dé, (7) 


and show that for sufficiently small T this convolution exists and belongs 
to the class K, ,, with p) = Po( Po — ») and 6, > b,. We shall prove 
then that the ordinary convolution coincides with the convolution (3) 
in the sense of generalized functions. 

We first establish a lemma. 


Lemma 2. Let A > 0. For arbitrary y > B > 0 there exists a 
number « > 0, such that for all x and & there is an inequahty 


—afei*+Blx—e i <y|x|* (8) 


Proof. For p = x/& the inequality (8) is transformed into the equiv- 
alent inequality 


yipl*—Bill—pit > —«. (9) 
For y > B, y|p|\?— B| 1 —p/* is a continuous function of p which 
increases without bound for | p | -»> oo. Consequently the function is 
bounded from below so that for « > 0 the inquality (9) is verified. 


But then (8) is also true. 
We now go over to the proof of Theorem |. The integrand in 


| GE, duolx — &) dé (10) 
admits the majorant 
exp [— 5-18 1g" + box — £15] 


(this follows from (9) and the assumption made about u,(x — &)). 
According to the lemma (1/2p,)8~”: can be chosen so large that either 


l a» 
— ay OM EI + boiz — Em <b eI 
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or 


1 5. I x 
exp[-5-F™ 1 €im + bole — €im] <exp[--H™ | € | - explbs |= iM 


be true. Consequently the integral (10) converges if 6 is selected as 
indicated, and the integral satisfies the inequality 


| { Ce, uals — €) dB | < explby |= in] f exp [— 7-8 | € 1m] ae 
= C exp[by | x |}, (11) 


The choice of (1/2p,)@-”: fixes also the interval 0 < t < T, since 
(u/P,) 0P9/" = b'T and 6 > 0. For b, converging to by the number 6-1 
increases without bound, and the interval 0 < ¢ < T contracts to Zero. 

We have thus shown that the convolution (7) exists in the ordinary 
sense for sufficiently small 7. We now show that the convolution (3), 
considered as a convolution in the sense of the theory of generalized 
functions, coincides with (7). 

Applying the convolution (3) to the test function (x) yields 


(1, 9) = (G to, #) = (uo G x 9) = (ual), { CCE Dole + 8) 48) 


= [ u(x) }f GE, Dole + €) de de. (12) 
The convolution (7) acts on these same test functions g(x) as follows 


p(n) dy. (13) 


(G(H, #) x ual), (x) = f }f GC, oly — 2) de 


Replacing £ by 7 — x, the integral (22) goes over into the integral (13), 
if one changes the order of integrations, which is allowed on the basis 
of Fubini’s theorem, since the double integral 


[] Gl Quon — 8)9n)| dx dy 


converges, by the above estimates. 
Consequently the solution 


u(x,t) — G(x, t) « u(x) = | G(é — x)up(é) dé 
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is an ordinary function, belonging to the class K,, ,, with arbitrarily 
small 5b, — b,, as asserted. 

The proof can be adapted to the case of m space variables x, ,..., x, , 
by making the following modifications: 

Wherever theorems from Section 7, Chapter IV, Volume 2 have been 
used, one has to use their n-dimensional analogs (Cf. Section 9, 
Chapter IV, Volume 2). 

In the formulation of the lemma x and € have to be replaced by 
n-dimensional vectors. The inequality to be proved has to be divided by 
| €| rather than by €. Then the inequality 


yiplt{+Ble—p\i>-—a, 


here p is an arbitrary vector, e is a unit vector. The constant —a in the 
right-hand side is independent of the choice of the unit vector e, since 
for | p | — © the left-hand side grows without bound uniformly with 
respect to e. 

The remainder of the reasoning can be taken over literally from the 
case of one space dimension. 

One obtains in particular, for systems which are Petrovskii-parabolic 
(Example 3, Section 2.1) the following theorem: | 


Let the initial functions u,(x,0) of a system of order p which ts 
Petrovskit-parabolic satisfy the inequality 


| u(x, 0)| < C exp bj x |?" (; +5 = 1). 


Then the system admits a solution u(x, t) which satisfies the inequality 
| u(x, t)| < Cy exp[(b + 8)) x |”) 


for any 8 > 0 and sufficiently small t < T(8). 
This theorem applies, in particular, to the heat equation (Example 1): 


Ou O7u 


Ot Ox’ 


Here p = 2, p’ = 2 and it follows that for any function u(x) satisfying 
the inequality 


| u(x)| < C exp[bs’), 
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the heat equation admits a solution u(x,t) which for any « > 0 and 
sufficiently small t, admits the inequality: 


| u(x, t)) < Cy exp[(b + «)x?]. 


In fact, the results are valid also for more general systems, with 
coefhcients depending on the space coordinates. A system 


MH  P(s,t7)u (14) 


is called parabolic in the Petrovskii sense (Petrovskii-parabolic), if it has 
the following property: under replacement of the variables x and t by 
constants £,7 the system which results is Petrovskii-parabolic, as defined 
at the beginning of this section. Under the assumption that the coeffi- 
clients are continuous and everywhere bounded, as well as their derivatives 
up to order p, the order of the system, S. D. Eidel’man has shown that 
the Cauchy problem belonging to the initial condition 


u(x, 0) = ug(x) 
has a unique solution in the class of functions satisfying the inequality 
j u(x, t)| < C exp[a | x |?’]. 


The solution can be written as a Poisson integral 
u(x, t) = | G(x, é, t)uo(€) dé, 
R 


and the kernel G(x, £, t) is subject to the condition 


| G(x, & t)| < Cexp[+Mf] t-"/? exp| — eae (; +5 = 1). 


Here M is the constant which bounds from above the absolute values of 
the coefficients of the equation (14) and of those derivatives which were 
mentioned above. 


2.5. Systems of Nonpositive Genus 


Let us now consider the case where the genus of the system (1) is not 
positive: » < 0. The following theorem holds here. 
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Theorem 2. Let the initial functions {u,(x, 0)} = uo(x) of a parabolic 
system with » <0 belong to the class K,» of functions f(x), which for 
every « > 0 satisfy the inequality 


if(~)i < C.exple|* |], pi = (1) 


h—p 
then for sufficiently small T > 0 and t < T, the solution of the system 
belongs to the same class. 


Proof. In the same manner as in the preceding section, we can 
restrict our attention to the case m = |. The resolvent matrix O(s, ¢), 
considered as a function of the complex variable s = o + ir defined in 
the domain H, , where 


IT; <KU 4+) e¢\)*, p<, 


satisfies the inequality 
| O(s, Ail < C exp[—a’t | o |"] 


For fixed t > 0 we apply the Theorem 4, Section 7, Chapter IV, 
Volume 2, which yields the following estimate for the matrix formed 
of the derivatives of order q of the matrix elements Q;,(s, t) for real 
§ = a: 


|| OM(e, t)|| < CB%gtU-/) exp[—a"t | o |, (2) 
This means that the elements of the matrix O(c, ¢) belong to the test 


function space S?-4 (cf. Volume 2, Chapter IV, Section 1), consisting of 
infinitely differentiable functions 4 which satisfy the inequalities 


| o*b@(a)| < C,Bagst (x, g=01, 2.4 2—b— 7 >1, B> B). 


The theorem on Fourier transforms for the spaces S* (Volume 2, 
Chapter IV, Section 6) tells us that the elements of the matrix G(x, t) 
belong to the space S, ,. Consequently 


|| G(x, t)|| < Cexp[—a|x|2] p,=s5= 
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Since Die hi(h — p) <1 < po/( Po — 1), the class K,, 4 is contained 
in the uniqueness class of the Cauchy problem for the system under 
consideration. Within the uniqueness class, we can, according to Sec- 
tion 1, express the solution of the Cauchy problem in the convolution 
form 


u(x, t) = G(x, t) x u(x, 0). (3) 


In the same manner as in Theorem |, we must show that the convolution 
maps the class K, 4 into itself. Consider the ordinary convolution 


G(x, t) u(x, 0) = [ GCE, tuo(™ — €) dé. (4) 


On the basis of the facts that were proved for the matrix G(x, t) and 
the assumptions about the initial functions u,(x), the integrand 
G(&, t) u(x — €) admits for every 56 > 0 the majorant 


exp[—a| & — x | +6 | & |]. 


Further, we make use of the following lemma. 


Lemma 3. Let X > 0. For any « >0 and y > 0 there exists a B > 0, 
such that for all x and & the inequality 


—@|€—we Pl era yl ey (5) 
is valid. 


Proof. Set «/€ = p. Then (5) goes over into the equivalent inequality 
yip+al\l—pP Sp. (6) 


But the left-hand side is effectively bounded below for all p by a positive 
constant. Hence there exists a number f with the desired properties. 

The lemma implies that for given numbers a > 0 and « > 0, there is 
a6 > 0, such that 


$a| | +6) & — xj Cel x|%, 
It follows that 
exp[—a | € | + 8| & — x |") < exp[e | x |%] - exp[—}a| & |]. 
Therefore the integral 


u(x,t) = { G(x — & tug(E) dé (7) 
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converges for any t > O and the result satisfies the inequality 
| u(x, t)| < CJ expfe | x |, 


for any given « > 0. 

Consequently the result of the convolution (7) belongs to the class 
K,,o for any t > 0. 

The fact that the convolution (3) and the convolution (7) are the same 
(the first is an ordinary convolution, the second in the sense of generalized 
functions) is proved in the same manner as for Theorem 1. Thus the 
proof of Theorem 2 is complete. 


Example 1. Consider the equation of order p > 2 (cf. Section 2.1) 
Ou Cu Me ae 3 
ae = oa + #(gy) ®) 
The characteristic root A(s) for this equation is 
A(s) = —s® + ts”, A(c) = ReA(c) = —o?. 


Thus 
Po =p h =2. 


The genus p» of Eq. (8) is determined on the basis of Theorem 1, 
Section 7, Chapter IV, Volume 2: 


p =1—(p—h)=3—p <0. 
Hence 
ee 
fi = fe ay ET 


Making use of Theorem 2 we have: if the initial function u,(x) satisfies 
for each « > O the inequality 


| uo(*)| < C, exp[e | x |?/?-4], 


then the solution u(x, ¢) of the equation (8) satisfies a similar inequality 
for arbitrary ¢ € [0, T}. 


Example 2. Consider the system of equations with characteristic 
roots 


A,(s) = is® — s4, A,(s) == ist — s®. 


Here p, = 6 and h =2. Then, from the Example in Sec. 2.3, the genus of 
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the system is —1. Hence p, = h/(h — p) = % and Theorem 2 yields: 
If the initial function u(x) satisfies for each « > 0 an inequality 

| uo(*)| < C, exple | x |?/*], 
then the solution u(x, ¢) satishes for any « > 0 a similar inequality: 


| u(x, t)| < CY exple | x |?/°). 


3. Hyperbolic Systems 
3.1. Definition and Examples 


A system with constant coefficients 


buds 8) = » Pr (4 u,(x,t) (j= 1, 2,.., m) (1) 


is said to be hyperbolic if the function A(s) = max; ReA,(s) has the 
following properties: 


(a) the (power-law) degree of growth of A(s) is not larger than |: 
A(s) <aj\s| +b. 
(b) For real s = o, A(s) is bounded: 
A(s) <C. 


We shall prove in this section that for hyperbolic systems and only for 
such systems the Cauchy problem admits a solution for any sufficiently 
smooth initial data, without any restrictions on their growth at infinity. 


Example 1. The first-order equation 


is characterized by the function 
A(s) = Re A(s) = Re(—ias) 
which is of order |. For real s = o 
A(c) = Re(—tac) = o -Ima, 


so that A(c) is bounded only for real a. Thus Eq. (1) is hyperbolic for 
real a only. 
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Example 2. The one-dimensional wave equation 


Ou 5 Ou 


— = g*+ — 
or? Ox? 
(a is a real constant). 
The characteristic equation is 


A*(s) = —a’s® 
and has the roots 
A, o(s) = +1as. 


Obviously, the hyperbolicity conditions (a) and (b) are verified. The same 
is also true for the wave equation in n-dimensional space. 


Example 3. Systems which are hyperbolic according to Petrovskit 
(Petrovskii-hyperbolic). A system (1) is said to be hyperbolic in the 
Petrovskii sense or Petrovskii-hyperbolic if its order p is 1, the charac- 
teristic roots of the matrix P(s) are purely imaginary for real 
s = 0,|o| = 1, the matrix P can be diagonalized for all real o and at 
the same time the absolute value of the determinant of the transformation 
matrix is larger than some positive constant. 

For such systems I, G. Petrovskii has proved the correctness of the 
Cauchy problem in a class of sufficiently smooth functions of arbitrary 
growth. On the basis of the fundamental theorem (just formulated), 
to be proved in this section, systems which are Petrovskii-hyperbolic are 
also hyperbolic in the sense defined by us. However, the Petrovskii- 
hyperbolic systems do not exhaust by far the class of hyperbolic systems: 
the Petrovskii condition is not satisfied by systems for which the Jordan 
structure of the matrix P(o) changes with o. For instance, the system 
with the matrix 


ron |i P| @<o 


has the characteristic roots 
Aj,2(s) = 1 + (ds(as + 1))'” 


which are distinct for s 4 0, s #~ —1/a; in both exceptional cases s = 0, 
s = —1/a the roots coincide and the matrix P(s) cannot be diagonalized, 
so that the system is not Petrovskii-hyperbolic. On the other hand, the 
real parts of these roots are bounded from above for real s = o, and for 
complex s they grow not faster than C| s |. Thus the system zs hyperbolic 
in the sense of our definition. 
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Example 4. Equations which are hyperbohc according to Gédrding 
(Garding-hyperbolic), An equation 


nu ee ay 0 


gee a ae aa 
is said to be hyperbolic in the Garding sense—or Garding-hyperbolic—if 


the polynomial in the right-hand side is of order < m in all arguments, 
of order < m in the argument 6/é¢ and if the real parts of the roots of 


the equation A” = L(A, zo, ,..., 7¢,,) are bounded for all real co. We show 
that the system of equations which is obtained from (2) by the sub- 
stitution uw, = u, u. = Ou/dt,...,u,, = 0" 1/et™" 1s hyperbolic in our 


sense. Indeed, as has been indicated in Section 6, Chapter II, the 
characteristic roots A,(s),...,,,(s) of the system obtained after this 
substitution coincide with the roots of the equation A” = L(A, 15,,..., 78,). 
Since the degree of the right-hand side is < m, in all variables, and < m, 
in the variable A, it follows that | A;(s)| < C| s | for sufficiently large | s |. 
Further, according to the assumption, Re A,(o) are bounded. Thus the 
system satisfies our hyperbolicity conditions, as asserted. 


3.2. The Resolvent Matrix of a Hyperbolic System 


According to the general method outlined in Section 1, we subject the 
system (1) in Section 3.1 to a Fourier transformation, thus obtaining the 
system of ordinary differential equations 


28) — Posyo(s, 1) (1) 


We estimate the resolvent matrix of this system 
O(s, t) = efP(*), 


Since the real parts of the characteristic roots of the matrix P(s) have 
(power-law) degree of growth not higher than |, it follows that 


LQG, Al < CCL + | s [)PerMertlsl, (2) 


as for any system of reduced order < |. Further, since A(s) is bounded 
for s = o, we have 


| Ole, fll < Cx + | @ Per”. (3) 
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Thus the function Q(s, ¢) is of order | and type b¢ and for real s = o 
does not increase faster than a polynomial. We shall call the smallest 
(nonnegative) integer h, for which the inequality 


| Oe Ai) < CU + |e) (4) 


holds, the correctness exponent of the hyperbolic system. We see that 
h < p(m — 1). We shall show that the number A determines the degree 
of smoothness required of the initial functions, in terms of which the 
Cauchy problem admits a correct solution. 


Note. If, conversely, Eqs. (2) and (3) were true, it follows from the 
fundamental relation (6) in Section 6.1, Chapter II, that 


Ais) < Cy isi +c,, A(s) < C, 


l1.e., the system is hyperbolic. Consequently, one might use the in- 
equalities (2) and (3) for defining hyperbolic systems. Since all that 
follows is based only on these inequalities, one may take into considera- 
tion also some systems for which the coefficients are functions of 2; 
such systems are trahsformed into systems of ordinary differential 
equations by Fourier transformation and as long as their resolvent 
matrices Q(s, t) satisfy the inequalities (2) and (3), the method can be 
applied and we shall call such systems hyperbolic, also. 


3.3. The Fundamental Theorem 


Theorem 1. If the initial functions u,(x,0) (j = 1,2,...,m) of 
a hyperbolic system 


COD =F Pa (Pz) ml) GF br) (1 


with correctness exponent h admit continuous derivatives with respect to x 
up to order h+n-+k (n 1s the number of independent space variables, 
and k is a nonnegative integer), then the system admits a continuous solution 
u(x, t) which is k times differentiable in x. 

The solution depends continuously on the initial functions u,(x, 0) tn the 
following sense: if the functions u,,(x, 0) converge for v > 00, together with 
their derivatives up to order hh +k + n, uniformly in each ball x <r to 
the function u,(x,0) (and its derivatives, respectively), then the corre- 
sponding solutions u;,(x, t) converge to the solution y,(x, t), together with 
their derivatives in x up to order k uniformly in each ball | x | <r. 
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Note that no restriction whatsoever has been imposed on the growth 
of the initial functions u,(x, 0) and their derivatives for | « | — 0. 


Proof. We know that the Cauchy problem for hyperbolic systems (1) 
admits a unique solution within the class of generalized functions over 
the test function space K of infinitely differentiable functions of compact 
support (the space of Schwartz distributions, usually denoted by D’). 
In this class the solution of the Cauchy problem (1) can be written in 
the convolution form 


u(x, t) = G(x, t) * u(x, 0), (2) 


where G(x, t) is the inverse Fourier transform of the resolvent matrix 
O(s, t). It remains to be shown that (2) maps a function u(x, 0) which is 
h+n-4 k times differentiable into a function u(x, tf) admitting deriva- 
tives up to order k& with respect to x. For this purpose, we consider the 
matrix function Q(s, t). The elements of this matrix are entire analytic 
functions of order (at most) one and type < bt, which for real s = o 
increase not faster than a polynomial of degree 4. We make use of the 
theorem in Section 4.5, Chapter III, Volume 2; according to this theorem 
the Fourier transform of an entire function y(s) of order one and type <8, 
which increases for real s = o not faster than a polynomial of degree h, 
is a generalized function (i.e., a distribution, or linear functional over K), 
with support in the region | «| < @ and admits a representation of 
the form 


Fg) = R(2) fle, 


(F denotes the Fourier transformation); here f(x) is a continuous function 
which vanishes outside the region | x | < bt + « and R is a fixed poly- 
nomial of degree not higher than # + n. In the case under consideration 
we have for each 6 > 0a T such that DT < 6; then forO <t<T 
we have: 


FQ(a, t) = G(x, t)=R (<) f(%, 9), 


where f(x, f) is a continuous function vanishing outside the region 
|x| <6@+ e«, Hence 


u(x, f) = G(x, t) x u(x, 0) 
—R (-) f(x, #) * u(x, 0) 


a= I(x; t) « R (2) u(x, 0). 
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If u(x, 0) admits derivatives up to order h + k + n, then the function 
R(6/0x) u(x, 0) admits derivatives up to order k, and the integral 


u(x, t) = f(x, t) « R(@/Ax)u(x, 0) 
= | fle — & )R(@/aeu(E, 0) dé (3) 


converges in the usual sense, since it ranges only over a bounded region 
|€| <6@-+ . Thus the existence of the solution has been proved under 
the assumed conditions. The continuity with respect to the initial con- 
ditions is also obvious from (3). 


3.4. The Case py <1 


We assert that for py < | the matrix Q(s, t) consists of polynomials in s. 

Indeed, in this case each element Q,,(s, t) of the matrix Q(s, ft) is an 
entire function of order smaller than 1, which for real s = o increases 
at most asa polynomial of degree A,’ Then the Phragmén- Lindelof theorem 
(as generalized to nm variables in Section 9.2, Chapter IV) implies that 
O,,(s, t) is a polynomial of degree not higher than A’ in the variables 
$s Se reas 

Thus if py < | it follows that p, = 0. The Green’s matrix G(x, t) = 
F'Q(c, t) then consists of elements of the form P,,(D, t) 8(x), where the 
order of the differential operators P is at most h. 

The convolution (3), Section 3.3, becomes 


u(x, t) = P(D, t) 8(x) * ug(x) = P(D, t)uo(x), (1) 


so that the solution of the Cauchy problem for the system under con- 
sideration is obtained by differentiating the initial functions. 

As an example we can consider an arbitrary matrix P(s) with constant 
characteristic roots. In particular we can take the matrix 


Pts) = | V p(s)q(s) p(s) 
—q(s) —V p(s)q(s) 


where the polynomials p(s) and q(s) are such that their product is the 
square of a polynomial. Both characteristic roots of this matrix vanish 
for any Ss. 

We note a difference in the properties of solutions of the form of 
Eg. (3), Section 3.3 and Eq. (1) in this section. The structure of Eq. (3), 


(2) 
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Section 3.3, shows that an excitation which is localized in a finite region 
propagates with a finite velocity not larger than 6. On the other hand, 
it follows from Eq. (1) of this section, that if the initial excitation is 
localized in a finite region, then it will remain in that region all the time. 


3.5. The Converse Theorem 


In conclusion we show that hyperbolic systems are completely 
determined by their correctness classes. 


Theorem 2. Let it be known that a system with constant coefficients 


Sui t) = y Py, (i £4) u(x, f) (1) 


is correct in the class of all sufficiently smooth functions. This means that 
for arbitrary initial functions u,(x) which are h times differentiable there 
exists a unique Solution u(x, t) and for each series of initial data u)(x) = 
Yi1 Up(x), which is uniformly convergent in a bounded region, together 
with its derivatives up to order h, there exists a solution u(x,t) = 
Y~, u(x, t) with the series converging for each x and t to the corresponding 
solution of the system (1). Then the system (1) ts hyperbolic. 


Proof. We consider the function g(x) 4 0 which vanishes for | x | > 3 
and admits derivatives up to order A. The solution of the Cauchy 
problem for the system (1) with g(x) as initial function has the form 


p(x, t) = G(x, t) « g(x), 


where G(x, t) is the Green’s matrix of the system (1). Let p, > 0 denote 
an arbitrary sequence of numbers and let x, be a sequence of points which 
are separated from each other by a distance not smaller than |. By 
assumption of the theorem the Cauchy problem with the initial function 


tg(#) = pave a; 


(the series converges uniformly, together with its derivatives up to order 
h, in any region | x | < M, since only a finite number of terms does not 
vanish) is solved by 


u(x, t) = ¥° p,[G(x, t) * (x + «,)] 
= ¥ p(G(E, t), p(x + € + x,)), 
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and the series converges for any x. It follows for x = 0 that the series 


Y p(G(E, t), o(€ + »,)) 


converges for any choice of p,. Therefore the function 


P(nV(Glx, t), p(x + 7)) 


is bounded for an arbitrary choice of the function p(y). But this can be 
true only if the function 


(G(x, £), p(x + 9) 


vanishes for sufficiently large | y |. By passing to the Fourier transforms 
it follows that the function Q(s, t) %(s) ts an entire function of order | and 
finite type for arbitrary functions y(o), the Fourier transform of the original 
function ¢(x). 

We prove that the function Q(s, t) is itself of order 1. 

Since %(s) is a Fourier transform of a function of compact support 
g(x), it is a function of order | and finite type. This function hee be so 
defined as to ensure that for a given value of the argument 6, , 0; # 0, 7, 
the quantity 


| p(o, grosy Tj_] 5 re"), Og peers on)| 


should go to + 00 for r + oo. 
One might choose, for instance, 


Hy =D (Yh 4.2) <4 


If the function Q(s, t) would increase faster than a function of order | 
and finite type, there would exist a ray in the complex plane of the 
variable s, with the argument 0,,0 < 0; <7, for which | O(r;e?®%, t)| 
increases faster than e©" for any C. But then the product Qy% would 
increase along this ray even faster, and thus the function Qy could not 
be of first order and finite type. 

Therefore we reach the conclusion that for arbitrary t the function 
O(s, t) ts an entire function of first order and finite type. 

One can assert further than for real s = o the function O(a, t) does 
not increase faster than a polynomial in o. Indeed, the function 
(G(x, t), p(x + 7)) = ¢(y, t) is bounded and continuous on the interval 
on which it does not vanish (due to the assumption of correctness). 
Consequently, its Fourier transform Q(o, t) (oc) vanishes as | o | —~ ©. 
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But the function 4(c) can be defined so that the inequality 
| #(o)) S C/(l + |e |), 
be satisfied, by taking, for instance, 


sin’*? ko; — sin’+? k(da — a, 

$(o) = » | ght? + (in — o,)2 | 
Here k should be chosen such that k(h + 2) < 3 (in order to guarantee 
that the type is <4). Then the function 4(c) will be the Fourier transform 
of a function g(x) which is novanishing only within the interval | x | < $ 
and admits derivatives up to order h. Since lim,,),,.O(¢, t) g(a) = 0, it 
follows that || O(c, #)|| increases for | o | > oo slower than | o |"**, as 
required. We see that both conditions required for hyperbolicity are 
verified for the system (1). Consequently, under the stated conditions 
the system (1) is indeed hyperbolic, which concludes the proof of 
Theorem 2. 


4. Systems Which Are Petrovskii-Correct 


4.1. Definition and Examples 


A system with constant coefficients 
Ou,(x, t) _ = A o 
ae (i =) w(x, 2) (1) 


is said to be correct according to Petrovskii (briefly: Petrovskit-correct) if 
the function A(s) = Re A,(s) is bounded from above for real values of 
so: 


As) <C. 
Example 1. Any parabolic system (Section 2). 
Example 2. Any hyperbolic system (Section 3) 


Example 3. The equation describing sound propagation in a vis- 
cous gas: 


C7u Ou O74 


Ot Ot Ox? © Axe” 


(2) 
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Here the characteristic equation has the form 


A? = 2As? — s?, 
and its roots 


Ara) = —st $f — 9h 


are bounded from above for real s =o. Consequently Eq. (2) is 
Petrovskii-correct. This equation belongs neither to the class of parabolic 
equations (since its roots become positive for sufficiently large s = 0), 
nor to the class of hyperbolic equations (since the inequality 
Re X(s) < C|s | is not satisfied). 


Example 4. ‘The Schrodinger equation 


ou =. Ou 
at ae ©) 
Here X(s) = —zs* and A(s) = 2or. Since A(s) vanishes identically along 


the real axis, the Schrédinger equation is Petrovskii-correct. This 
equation too, is neither parabolic nor hyperbolic. 


4.2. The Resolvent Matrix 


Fourier-transforming the system (1) in the previous section we obtain 
the system 


dv(s,t) _ 
At) = PEe(s, 1), (1) 


with the resolvent matrix 


Os, t) — ef P(s) 


Let p, denote the reduced order of the system. Then we have the 
inequality 


|| O(s, th] < CCL + | s|)P™—Y exp[t | s |]. (2) 


If pp < 1, the system (1) in the previous section is hyperbolic, We assume 
in this section that p, > 1, so that the system is not hyperbolic. 
The Petrovskii correctness condition implies, together with (2) 


| O(c, t)| < Ci + lo [eee-b; 
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We shall again define the correctness exponent h of a system (1) as the 
smallest number A for which 


| O(e, ty! SC + | @ |)" (3) 


is verified. We shall assume the existence of h—otherwise one could 
have used a fixed number # arbitrarily close to the lower bound. 

We see that h < p(m — 1). In the same manner as for hyperbolic 
systems, h determines the order of smoothness (i.e., differentiability) of 
the initial data in order to ensure the correctness of the Cauchy problem. 


Note. As in the preceding cases, the inequality (3) can serve as 
a definition of a system which is Petrovskii-correct. Therefore one could 
also consider systems with variable coefficients and other systems, which 
after Fourier transformation take the form 


dv(s, t) 
dt 


= P(s, t)v(s, t) 


with a resolvent matrix QO(s, t) satisfying the inequalities (4)-(5). From 
now on all such systems will be called Petrovskii-correct. 


4.3. The Réle of the Petrovskii Correctness Condition 


It will be shown in the following that for a Petrovskii-correct system 
the existence of the solution is guaranteed for sufficiently smooth initial 
functions (which do not increase faster than a given order) as well as the 
continuity of this solution with respect to variations of the initial data. 

In this section we show that the Petrovskii correctness condition is 
necessary for the validity of similar propositions. 


Theorem 1. Let the system of equations 


SGD > Pe (FZ) ules 1 (1) 


admit for ~w <x < © an integrable solution u(x,t) for any initial 
function u(x) with derivatives up to order h. In addition, let this solution 
depend continuously on u(x), 1.e., let 


lim Dtug,(x) = Dtu(x) (|g | <A) 
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imply 


lim u,(x, t) = u(x, t) 


for any x and t. Then the system (1) ts Petrovsktt-correct. 


Proof. For a function u,(x) of compact support, the solution of the 
Cauchy problem has the form 


u(x, t) = G(x, t) * u(x), (2) 


where G(x, t) is the Green’s matrix of the system (1). 

We replace the function u(x) by «u)(x) with « > 0. Then, for « + 0 
the solution «u(x, t) goes to zero for arbitrary x, t. This implies that 
the function u(x, t) is finite for all x,t. Replacing u(x) by u(x + e) 
and letting « go to zero, it follows that u(x, t) is continuous in x for any 
x and f¢. 

Applying a Fourier transformation to both sides of Eq. (2) we obtain 


v(o, t) = QC, t)v9(o), 


where v(c, t) is a bounded function (the Fourier transform of an 
integrable function), Taking for v,(c) a function which is bounded from 
below by C/(1 + | |)" (cf. the end of Section 3) it follows that O(c, #) 
increases not faster than | o |”. Thus the Petrovskii correctness condition 
is satisfied, as required. 


Note. Instead of the integrability of u(x, t) one could have required 
the integrability of the ratio u(x, t)/(1 + | x |)* for some value of 2. It is 
not known whether the theorem remains valid under the assumption 
that u(x, t) belongs to the uniqueness class of the system (1). 


4.4. The Genus of a Petrovskil-Correct System 


We apply the Theorem 1 of Section 7, ChapterIV, Volume 2, to 
the resolvent matrix function O(s, t) of the system (4), Section 4.1, ‘This 
theorem implies the existence of a region H,, defined by the inequality 


lr; < AKL +|¢/)*45 poel—po, (1) 
and in which 
|| O(s, |] < CCL + | @ |)” (2) 


holds. The least upper bound of the numbers p will be called the genus 
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of the system. We shall see that the genus of the system, together with 
the correctness exponent h, determines the correctness class for the 
Cauchy problem for the given system. 

In the same manner as for parabolic systems, we assume that the least 
upper bound is attained in the class of all admissible numbers p, so that 
» in Eq, (1) can actually be considered the genus of the system. If in 
reality this is not so, one can, as before, select for » an arbitrary number 
which is smaller than the genus of the system and modify the final 
formulations accordingly. 

The genus of a system with constant coefficients can be determined 
from its characteristic roots. On the basis of the fundamental inequality 
(6) in Section 6.1 of Chapter II, which relates the growth of the function 
Q(s, t) to the growth of the function A(s) = max; Re A,(s), the genus of 
a system can be defined as the largest exponent such that the function 
A(s) remains bounded in the region 


|r| SKC +] |. 


Example 1. ‘The sound equation (2) of Section 4.1 has the charac- 
teristic roots 


A,,o(s) = —s® + (st — 5?)1”; 


it is easy to verify that their real parts are bounded in any angle 
|r| <k\|o|,0 <k < 1. Thus the genus of this equation is |. 


Example 2, For the Schrédinger equation (3) in Section 4.1, the 
characteristic root is 


As) = —ts*, Als) = Re A(S) = 2or, 
and A(s) is bounded in the region 
Ir] < AKU + Joly; 


thus for the Schrédinger equation the genus is — 1. 

It has been shown by V. M. Borok that for Petrovskil-correct systems 
with one space variable one can construct simple formulas for the 
computation of all characteristic quantities of the system, in the same 
manner as for parabolic systems (Section 2.3), Expanding the roots of 
the equation det|| P(s) — AE || = O in a series in the neighborhood of 
the point at infinity 


X(s) = OXpS*o + a, S*1 toe + ys" oe 
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one can distinguish three types of roots, according to their expansion: 


(1) ky <0, 
(2) Ry hy Se > kh, > 0; Raa <= 0, 
Re a, = -'* = Rea,, = 0, 
(3) Ry > ky > > hm > 0, Rng SO, 
Rea; = = Re ag = 0, Rea, ~ 0, pcm. 


It turns out that for roots of type (2) the exponents &, ,..., &,, are integers 
and for roots of type (3) the exponents ky,...,k, are integers. The 
following formula holds 


Po = max(hy , 0) (with respect to all roots). 


If p, = 0, the system reduces to a system of ordinary equations 
(without derivatives with respect to x). Let p) > 0; then 


p=min{—-A,4+ 1, kp —-ko +1, FB (with respect to all roots). 


4.5. The Fundamental Theorem for Systems of Positive Genus 


We now formulate the fundamental theorem on correctness classes for 
systems with positive genus: 


Theorem 2. If the initial functions u,(x,0) of the Petrovskti-correct 
system 


Ou,(x, Os, m 


fo Pa (ig A) uals t) (f= Loess) (1) 


of positive genus and having the correctness exponent h, satisfy the nequalittes 


| u(x, 0)| <Crexplo| xi], pp =A, gg Sh tas, 
Po — B 


then the system admits a solution u(x, t) which for sufficiently small t 
satisfies the inequality 


| u(x, t)| < C, exp[b" | x |] 


for arbitrary b' > b. 
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Example. We again consider the equation describing propagation 
of sound in a viscous gas: 


Ou _, Gu eu (2 
oe ~~ Otom® Ox ) 


It was shown that it is Petrovskii-correct, of genus p = |. Its charac- 
teristic roots 


Arle) = —s? £ (ot — 8)” 


are bounded on the real axis, thus the correctness exponent is h = 0. 
The reduced order py of Eq. (2) is determined by the growth of the roots 
in the x-plane and is obviously equal to 2. Theorem 2 asserts that for 
initial functions u(x, 0), Ou(x, 0)/Ot satisfying together with their derivatives 
up to second order inequalities of the type 


| u(x)| < C exp[6 | x |?], 
there exists a solution which for sufficiently small t satisfies the inequalities 


| u(x, t)| < Cy exp[b’x?], | Ou(x, t)/et | < Cy exp[b’x?] 
with an arbitrary constant b' > b. 

The proof of Theorem 2 necessitates several preliminary constructions. 
For simplicity we first carry it through for the case of one space dimen- 
sion (n = |). 

(1). If the function Q(c) increases for |o|—> © not faster than 
(1 + ||)", this function can be represented as a Fourier transform of 
a square-integrable function f(x) which is acted on by a ( fixed) differential 
operator P(D) of order h + | (e.g., (1 + (d)dx))'*), 

Indeed, if we write 


O(c) = (1 — to) RO), 


then R(c) will be square-integrable and according to the Plancherel 
Theorem® it will have a square~-integrable (inverse) Fourier transform 
f(x): 


lad 


I(x) = R@). 


6 Cf, eg., E. C, Titchmarsh, “Introduction to the ‘Theory of Fourier Integrals,” 
Section III, Oxford Univ, Press, 1937, 
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Multiplying both sides with (1 — ic)"+!, we obtain 
nat drt 
O(c) = (1 —soy¥(x) =F [(1+ 5) fle], 


as required. 


(2). Let u(x) be a function of compact support with continuous derivatives 
up to order h + |. Let G(x) be a generalized function (over a test function 
space to be selected later) which admits the representation 


d 
G(x) = P()f@), 
where P(d/dx) is a differential operator of order h + |, and f(x) is a square 


integrable function. We assert that the convolution G(x) *« u(x) can be 
represented in the form 


Gu = | f(P(dldx) u(x — & dé. (3) 


Indeed, for any test function g(x) of compact support we have, by 
definition of the convolution 


(G + u, p) = (u, G * 9g) = (u, Pldjdx)f * ¢) 
= (u, f « P(didx)p) = (u, | fEPCd/dx) (x + €) dé) 


= [ u(x) | f FE PCdlae) ox + &) del de. 


Both integrals are in fact over finite regions. Changing the order of 
integration and setting x + € = 7», we find: 


G +u,9) = [AO \f un — OPCdlan) on) ah ae 
= | f( | | P(—d/dn) u(n — &) on) dy| dg 
= i | i f(P(d/dé) u(y — €) dé ~(7) ay 
= ( | f(E)P(d/dé) u(x — €) dé, (x). 


This is at the same time the result of the action of the functional in 


the right-hand side of (3) on the test function g(x). Thus our assertion 
is proved. 


142 CORRECTNESS CLASSES FOR CAUCHY PROBLEM Ch. III 


(3). We denote by L = L(h,, /) the totality of functions u(x) which 
vanish for | x | > 1 and which have continuous derivatives up to order 
hy , satisfying the inequalities 


| u'%x)| <2 for 1 a 


Let O(s) be an entire analytic function of s = o + ir which satisfies 
the inequality 
| Ole + tr)| S CUL + Jae [)re2O, (4) 


where {2(7) is the (downward) convex function, defining the space W®? 
(Chapter I, Section 1) and let G(x) be a generalized function for which 
the Fourier transform coincides with Q(s). 

For h, > h + 2 the convolution 


ti(x) = G(x) « u(x) 
satisfies the inequality 


| H(x)| < C'le-Mian), (5) 


where M(x) ts the Young-dual of the function Q(r) (Chapter I, Section 3) 
and ais an arbitrary number, smaller than |/b. 


Proof. The function G *u is the inverse Fourier transform of the 


product Qv, where v(s) = u(x). If u(x) belongs to L, v(s) is an entire 
analytic function, satisfying the inequalities 


| s"v(s)| < lel"! for q<h. 
The product Qv satisfies the inequality 
| O(6)u(6)] < 2CI(L + | o |)he®rel" ming, 1] 5} 
< CL + | o |jrroe®"el71 << CyU(L + 02) 1420 


for any b' > b. Calculating the Fourier transform of Ov by integrating 
along the lines Ims = 1, we obtain: 


| G(x) « u(x)| = (1/2n) | [ OCso(se* ds | 


de 
5 aa < Cale2to'1+ 72, 


< Cy{leO' Mer | 
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For fixed x, we select + to be of opposite sign to x and such that the 
Young inequality for the function 2(b’x) and the Young dual M(x/b’) 
should become an equality 


—x7 = Q(b'r) + M(x/b’). 
We obtain thus 
| d(x)| = | G(x) * 9(x)| < Cyl exp[—M(x/6’)] 


Since 6’ is arbitrary and larger than 5, 1/b’ is an arbitrary number, 
smaller than 1/b, as required. 

(4). We apply the result of (3) to obtain an estimate of the solution of 
the Cauchy problem for the Petrovskii-correct system 


with an initial function u(x) of compact support. The solution will be 
represented as a convolution 


u(x, t) = G(x, t) * u(x), 


with G(x, t) the inverse Fourier transform of Q(s, t), the resolvent matrix- 
function of the system 


ons, = P(s)v(s, t). (6) 

The assumption of Petrovskii-correctness for the system (1) implies 
that QO(s, t) is an entire analytic function of order py, which for real 
S$ = o increases not faster than | o |" with some constant h. Since the 
genus p of the system is positive, we can make use of Theorem 2’ of 
Section 7.1, Chapter 1V, Volume 2, which yields the estimate 


OCs, ANI] S CCL + |e |)" exp[’t | x |e] < CCL + | o |)hexp[@| x |?o’], (7) 


with @ = bT’, t < T. This estimate coincides with (4), above, if one 
selects Q(r) = r?o/+/(po/u) and determines b from the equation 
Po/ ig / 
Abr) = CT ili 
Pol 
We obtain 


he (4 ay" = ¢TH!%, 
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The Young dual function M(x) is here «?1/p, with (1/p,)+(1/( pp/#)) = 1. 
Hence p, = Po/( Po — »). Therefore the final inequality (5) of (3) takes 
the form 


ale) 
ONE an pS 


| a(x)| < Clexp (— 3 


where a is an arbitrary number smaller than (1/b) = c,T~*/”*, Thus, 
for any 8 > 0 the following inequality holds 


|H(x)| < Colexpl—q 7 |x|] (p= et). (8) 
0 
This inequality 1s true in particular for the solution of the Cauchy 
problem for the system (1), if the initial function vanishes for |x| > | 
and has continuous derivatives up to order h, > h + 2, which are bounded 
by the number I. 
(5). Let now the initial vector-function u(x) satisfy the conditions of 
the theorem: 
| w'%(x)| <Cexpldy|*/], pr=—22~, g<hp. 
Po — B 
We show that there exists a solution u(x, t) which goes over into u(x) for 
= 0 and satisfies the inequality 


| w(*, £)| < C° exp[dy | x |] 


for given b, > by and sufficiently small t < T. 
The idea of the proof is as follows. We represent the initial function 
u(x) as a series of functions of compact support 


u(x) = y u,(x — v), 
where u,(x) vanishes for | x | > 1. For each of the functions u,(x) one 
can represent the corresponding solution u,(x, t) as the convolution 
u(x,t) = G(x, t) « u(x — v). 


Making use of the result of (3) above, we show that the series 
u(x, t) = > u,(x, t) 


—-e 


converges and represents the solution of the problem. 
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We now describe this construction in detail. 

Let e(x) denote a function which vanishes for | «| > 3, equals one 
for |x| <4, has everywhere values between zero and one, admits 
continuous derivatives up to order Ay and is such that (partition of 
unity) 


[o.¢) 


Y ex —v) = 1. (9) 


Multiplying (9) by u(x) we find 


wo 


u(x) = ¥° u(x) ex —v) = } u(x — rv), 
where u(x) = u(x + v) e(x) is a function with continuous derivatives 
up to order A, and vanishing outside the interval | «| < 2. 

Let K,(u) denote the largest of the absolute values of the function u(x) 
and of its derivatives up to order hy in the interval -v -2<x%< 
—v + 4. It is obvious that for arbitrary « > 0 the inequality 


K,(u) <'C exp[bo(| v | + 2)”] < C, exp[(do + €) | v |4]- 


is true. 

Let K be the largest of the absolute values taken on by the function 
e(x) and its derivatives up to order h, . Use of the Leibniz formula shows 
that the absolute values | u{”’(«)| for g < hy are bounded by 


CKK,(u) < C exp[(b) + €) | v |?2]- 


Due to the result of paragraph (4), the solution of the Cauchy problem 
with the initial function u,(x) is majorized by 


| u,(%, t)| = | G(x, t) * u,(x)| < Cys exp[(by + €) | v |?2] exp[-e,(1 —8)T~” | x |”). 


We construct the function 


wo 


u(x,t) = ) u(x — », 2). (10) 
It follows from the preceding majorization that 


| u(x — vt), < Cos exp[(bo + €) |v |P1 —e,(1 —8) T "|x —v |], (11) 


consequently, for sufficiently small T, such that c,(1 — 6) T~”? > by + «, 
the sertes (10) converges uniformly and absolutely on each finite interval of 
the x-axis. Thus u(x, t) is a continuous function, 
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It remains only to be shown that this function is the required solution 
of the Cauchy problem. 


(6) We show that, for any sufficiently small T, the partial sums of (10): 


N 
Sy(x, t) = > u(x — v, t) 
“N 
admit a majorant which does not depend on N: 


| Sy(x, t)| < Ces exp[(by + 3e) | x |]. (12) 


We carry out the following transformation of the exponent of the right- 
hand side of (11): 


(65 + €) | v | — (1 —8) TO” | x —v | 
= (by + 3e)| © |?1 + [69 + €) | v | 
— (bg + 3e) | « [2 — e(1 — 8) TU” | x — v |?) 


In order to prove the inequality (12) it is sufficient to show that small 
enough T the following inequality holds: 


(by ++) | VIP — (by + 3e) | # |?2 — e,(1 3) T-™ | x-v 2 <—ef vl, — (13) 
The inequality (13) is equivalent to 
(by + 2e) | v |” < (by + 3e) | x |”2 + e,(1 —8) T-™ | xe —v | 
or, after the substitution € = v/x, to the inequality 
(by -+ 2e) | 2 < dy + 3e + e(1 —8) T™| 1 —E|m. (14) 


Since the coefficient c,(1 — 6) T~”? is unbounded for T — 0, it is 
clear that the inequality (14) is indeed true for sufficiently small 7. At 
the same time (13) is verified, and hence also (12). Thus, the functions 
Sy(x, t), and also u(x, t), the limit of the sequence Sy(x, t), are majorized 
by the function exp[(by + 3¢)| x |?2]. 

(7) We consider the space W,,,, of infinitely differentiable functions 
g(x) satisfying the inequalities (for the time being, 5, is arbitrary) 


l P 
| p(x)| < Cyq exp |- a [(6, — 8) | x la (8 > 0 arbitrary). 


On the basis of the estimate (7) and of Theorem | in Section 2.4, 
Chapter I, the matrix Q(s, t) is a bounded multiplier in the Fourier dual 
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space W?1-1/'1 (Section 3, Chapter I) and consequently G(x, t) is a con- 

volutor in the space W,, , (1.e., a generalized function for which the 

convolution with an element of that space is again an element of the 

space). We select the number (1/p,) 67: to be larger than 6, and «€ so 

small that b + 3« < (1/p,) bf: Then the functions S,(x, tf) and u(x, ft) 

which occur in (6) define continuous linear functionals on the space W,, ,. 
Since the convolution is a continuous operation 


wo 


Cia Oe eh Cre eae 


—-%© 


(the equality is in the sense of the dual space W,,, ,,). Thus, the solution 
of the Cauchy problem for the system (1) with an initial function u(x) ts the 
same as the function u(x, t). 


Note. It follows from (3) and (10) that the final formula for the 
solution of the Cauchy problem under consideration, has the form 


u(x, t) 


\ 


Y [AG OP Clax\ule —v — 6 dé 


3 | “SG t)P(0/Ox)u(x — ée(x — & — v) dé. 


If it would be legitimate to interchange the order of the signs )",, and 
ie , we would obtain the simpler formula 


u(x,t) =| fG, HP@lax)u(x — 8 ab. 


But since we do not know anything about the exponential decrease of 
the function f(€, t) for | & | — o, the legitimacy of such an interchange 
is unclear.’ 

(8) We indicate the changes one has to make in the proof in order to go 
over to the case of m independent variables. In this case the matrix 
O(s, t) satisfies the inequality 


| Os, t)|| = | Os; gerry Sn y t)|| 
< C(I + |o |) exp[Q(47,) + --- + 2(67,)] (Q(7) = 7? o). 
* This problem has been solved since the appearance of the Russian edition; cf. 


G. J. Eskin, Obobshchenie teoremy Paley-Wiener’a-Schwartz’a (A Generalization of the 
Paley-Wiener-Schwartz Theorem), Usp, Mat, Nauk 16, Nr, 1, 185—188 (1961). 
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The proposition (1) remains true if one replaces the operator 


(1 + d/dx)**! by 
oO A+1 oO r4] 
(! zg a) (! = at - ( =a) 
which is an operator of order n + h. Correspondingly, in (2) one has to 
require that the function u(x) = u(x, ,..., X,) be continuously differenti- 
able up to order h + n. 

In (3) the function u(x) = u(x,,..., x,) should be required to have 
continuous derivatives up to order A, >A -+n-+4 1, and bounded by 
the number /. 

In (4), instead of making use of the Theorem 2’ from Section 7, 
Chapter IV, Volume 2, one should use its m-dimensional analog in 
Section 9 of the same Chapter. 

In (5) the index v should be replaced by the n-tuple (1, ,..., v,), 
—0o <v; < 0. The function e(x) = e(x,,...,*,) is constructed as 
a product e(x,)--: e(x,) of one-dimensional functions e(x,;) as defined 
in (5). Such a function e(x) vanishes outside the n-dimensional ball of 
radius 3n1/? and satisfies the condition (partition of unity) 


Dee) = Ya — ry) eal —m) =F] YE ey —y) = 1 


v Vysrres vy J=1 yj=—c0 


The other parts of the proof remain unchanged. 


4.6. The Case of a System of Nonpositive Genus 


We now consider the case » < 0. In this case the solution of the 
Cauchy problem will be correct if the initial functions and their deriva- 
tives up to a certain order satisfy the condition of increasing according 
to a power law. 

Consider a Petrovskii-correct system 


Eu = P (ix) u(x, t) (1) 


with the initial condition 
u(x, 0) = u(x). (2) 


According to Theorem 4’ of Section 7, Chapter IV, Volume 2, the 
derivatives of the resolvent matrix Q(s, t) admit, for p» < 0, the estimate 


|| DPC, t)I| < C1 + | ¢ |"9), 


with | 7, | <A — p|q| (here / is the correctness exponent). 
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Theorem 3. For any l > 0 the Cauchy problem (1) and (2) is correct in 
the class of functions u(x) which have a power-law increase of degree not 
higher than |1— (n+ 1) together with their derivatives up to order 


rtnact+l: 
| Dtu(x)| <CU +] xe)" (ig) <n+n-+ 1). 


The solution of the Cauchy problem (1) and (2) is also a function of power- 
law growth of degree < l. 

The proof will again be split into several parts. We consider first the 
case of one independent variable x (x = 1). 

(1). Similar to the proof of Theorem 2, we introduce the class 
L = L(hy,!) of functions u(x) which vanish for |x| > 1 and have 
continuous derivatives up to order hy which are bounded as follows: 


| u'M(x)| <1 for g<ho. 


Let O(c) be a function admitting derivatives up to order & and satisfying 
the inequalities 


|OMe)| <CU+ el)" | =9, 1... &). 


Let further G(x) denote a generalized function for which the Fourier 
transform coincides with O(c). 
For hy > r + 2 the convolution 


ti(x) = G(x) « u(x) 


satisfies the inequality 


I 


Ene (Eee 


For the proof, we note that the function d(x) is the (inverse) Fourier 
transform of the function O(c) v(c), where v(c) is the Fourier transform 
of u(x). The function v(c) satisfies the inequality 


| ote ((g)| == | (erat de | ZO? | G2 0a ke SO) Ipapl) 


and consequently 


CI 


oS Eom 
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Furthermore the product O(c) v(c) satisfies the inequalities 
| [O(e)o(o)]* | < ¥ C,2 | OME)v"*-%0)| 


qa. r, C1 r—No 
SVG CO + le Gaon S Call + Le 

It follows that for hy >r-+ 2 
| [G(2) « u(x] | < [ | [Q(e)e(0)™] | do < Cy [ 7 < cy 
eer 2) ee 


Thus, for hy > r+ 2 
C'l 
pM coat es 2 
MS Taye’ 
as required. 
(2) The result can be applied for estimating the solution of the Cauchy 
problem for the Petrovskii-correct system 


ASD _ pit) u(x, t) (1) 


with an initial function of compact support u(x). The solution can be 
written, as always, as a convolution of u(x) with the Green’s matrix of 
the system (1) 


u(x, t) = G(x, t) « u(x). (2) 


The Fourier transform of G(x, t) is the resolvent matrix Q(s, t) of the 
system 


dv(s, t 
AD — Psy, 1). (3) 
Since the system (1) is Petrovskii-correct, the matrix function Q(s, ¢) 
does not grow for real s = o faster than | o |" with some h. 


The genus of the system (1) was assumed nonpositive. The use of 
Theorem 4’ in Section 7.6, Chapter IV, Volume 2 leads to the estimate 


OMe, HI < Cl + lel“ (q =0, 1,...). 
Let r, denote the smallest of the numbers for which 


OMe, | < CU + ]e |) — (¢ = 0, 1,.., 4). 
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We further assume that the initial function u(x) vanishes for |x| > 1 
and has continuous derivatives up to order hy which are bounded in 
absolute value by /. Then, as was shown above, for h, > 7, + 2 the 
solution u(x, t) satisfies the etimate 


l 


| u,(x, t)| a CP: pee . 


(3) Assume now that the initial function satisfies the conditions of 
the theorem 


| wi(x)|) <CUL +] x)? (q =0,1,...,7,; + 2). (4) 


We show that there exists a solution of the Cauchy problem (1) and (2) 
which also has a power law behavior as x —» o. For simplicity we assume 
again that we are dealing with a single equation. 

Consider the function e(x) defined in Section 4.5 (paragraph (5)): for 
| x | > #,e(x) vanishes, for |x| < 4, e(x) = 1, its values are every- 
where between zero and one, admits derivatives up to order hy = r, + | 
and satisfies the condition 


ow 


Yo ex —-v = 1. 


po 


In the same manner as in the proof of Theorem 2, we have 


u(x) =) u(x)e(x — v) = } u(x — v), 


with u(x) = u(x + v)e(x) possessing continuous derivatives up to 
order h, , which vanish identically outside the interval |x| < #. The 
Leibniz formula yields for the derivatives of u,(x) 


| w(se)| << CP] ule + vy) K < C1 + |r| + 2? 
(¢ = 0, Lyeny % + 1). 


It was proved above that this implies for the solution u,(x, t) of the 
Cauchy problem with initial function u,(x) the inequality 


(yl + pe 


| u(x, t)| < are ma . 


We now construct the function 


u(x,t) = > u(x — », 2). (5) 
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Since 
(ee 


| u(x — v, t)| eae 


(6) 
the series converges absolutely and uniformly on each closed interval and 
represents a continuous function. 
It remains to be shown that u(x, t) is the solution we were looking for. 
For this we first estimate the terms of the series (5) in order to find 
a common majorant for the partial sums. We have 


lv] <|v—x#|4 |x]. 
It follows from here that 


I+l/v)<l4+ |e|4+]xe—v| <4 |x|) +] %*«—+)) 
and 


! ars 
a ee 7 
Pe lesel Ile ™) 


Substituting (7) in (6) we obtain 


(24+) |) + | « |) 
| u(x —v, t)) <C = a Age 


» (i +] «)! 
< Cc l +. y (8) 
i.e., the partial sums of (5), and therefore also their limit, admit the 
majorant 


C(l + |x) 


Consequently the function u(x, f) increases according to a power law 
and defines a regular functional over the space S. The series (5) converges 
in the topology of this space. 

Since all derivatives of the matrix Q(s, t) increase at most according 
to a power law as | a | — o, this matrix is a well defined multiplier on 
the space S, so that its inverse Fourier transform G(x, t) is a convolutor 
in S. Due to the continuity of the convolution 


Geu=Gx> u(x) = ¥ G(x, t) «uf(x) = Yul, t) = u(x, t) 


Consequently the convolution G * u coincides with the function u(x, f). 
This concludes the proof for the case of a single space-variable. 
For the case of 2 variables one has to make the following changes. 
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In (1) (and sequel) the inequality hy > r+ 2 is to be replaced by 
hy 2 Fb el 

In (2) the Theorem 4’ of Section 7, Chapter IV, Volume 2 is to be 
replaced by its n-dimensional analog (Section 9, same Chapter). This 
yields the estimate 


|| D°Q(o, t)|| < CA + | |)relal, 


In (3) one has to consider a function of the form e(x) = e(x,)e(x2)***e(x,) 
as in the proof of Theorem 3. The condition (4) is to be replaced by the 
condition that the initial functions u(x) satisfy the inequalities 


| Deu(x)) < CU + [x iyrr,  lql<n+n+l. 


The solution u(x, t) has a power law order of increase < l. 
This completes the proof of Theorem 3. 
As an example let us consider the Schrédinger equation 


Ou(x, t) _, O?u(x, t) 
ot Oxe 


Here Ofe, t) = exp[—io], r, = 4, n = 1; for any 1 > 0 the Cauchy 
problem is correct in the class of functions u(x) which have a power-law 
growth of degree </ — 2 together with their derivatives up to order 


P+ 2. 
47. The Converse Theorem 


Since the theorem we have obtained yields a much smaller uniqueness 
class than for the preceding case—i.e., a power-law increase instead of 
exponential increase—the problem naturally arises as to whether this 
is the best result possible. It turns out that this is so: for p < 0, if the 
correctness class contains all sufficiently smooth functions of a given 
type of growth, the growth type is in general not faster than a power law. 

More precisely this fact is expressed in the following theorem (we 
restrict ourselves to the case m = 1): 


Theorem 4. Let the resolvent matrix O(c, t) satisfy inequalities of the 
form 


| OMe, AI] < CA + | |)", (1) 
where the numbers r, cannot be made smaller, and 


ee eee ee ee (2) 
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Further, let the Cauchy problem be correct for the system under consideration 
within the class of all functions which have along the axis —1w <x < © 
a power-law growth of degree not larger than l, together with their derivatives 
up to order m. Then m > 1r,_, — 2. 

Before giving the proof, we consider as an example the Schrédinger 
equation 


Ou, Ou 
ot xt” 


Here the Fourier-transformed equation is 


and the resolvent function O(s, t) = exp[—zs?#] is bounded along the 
real axis. It is easy to see that 


OMe, HI < C+ |e), ¢g=0,1,... 


Thus in this case r, == q. Theorem 4 claims that if the Cauchy problem 
for the Schrédinger equation is correct within the class of all functions 
with a power-law growth of degree </ with derivatives up to order m, 
then m > | — 4. In other words, within the class of functions having 
a power law growth of degree </ with derivatives up to order </ — 3, 
the Cauchy problem is manifestly incorrect, for any J, It is useful to 
compare this result with the one established at the end of the preceding 
section: within the class of all functions with power-law increase of 
order <i, together with their derivatives of order / + 4, the Cauchy 
problem is certainly correct. 

It is not known whether the Cauchy problem for the Schrédinger 
equation is correct or incorrect for! —-4 <m <1-+ 4, 

We now come to the proof of ‘Theorem 4. 


Proof. From the assumption of correctness of the Cauchy problem in 
a class of functions with power-law growth follows, in particular, the 
following: Let u(x) be a function vanishing outside | x | > 1, possessing 
derivatives up to order m and let {x,} be a sequence such that x, — oo, 
| v4. — *,| > 2, then the solution of the Cauchy problem with the 
initial function 


u(x) = y | x, |! u(x + x,) 
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is represented by the formula 


u(x, t) = > | xy |'u(xe + x, , £) 
1 


ss | x, |(G(E, t), u(x — &+ x,)), 


with the series converging for every x. In particular, for x = 0, the series 


¥ |», MG, 2), (x, — 8) 


must converge. It follows that for any function u(x) of the indicated type 
the expression 7'(G(E€, t), u(y — €)) must vanish as 7 — ©; in particular, 
the following inequality must hold: 


i—2 C 
| n' *(G(E, t), u(y — €))| < coe 


Taking the Fourier transform, we obtain: 


rs (Oo, t) -o(0)) < C 3) 


for any function v(c) which is the Fourier transform of a function u(x) 
of the type described above. The functions v(c) admit analytic continua- 
tions into the complex s = o + 17 plane as entire functions of order | 
and type 1; on the other hand any entire function of order | and type | 
which remains absolutely integrable when multiplied by 1, o,..., 0” is 
a Fourier transform of a function u(x) of the indicated class. 

The function 
ito 
= mt 2 
(oe) = (i+ oj"? ? 


sin™+2 


for instance, satisfies all these conditions. Therefore this function is the 
Fourier transform of some function u(x) which vanishes for | x | > 1 
and admits continuous derivatives up to order m. According to what was 
proved above we have: 


L77(O(0, 1) + vo) | <€. (4) 
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But on the other hand, 


ol-2 P 
ors (OX) = QP + COM0g! + >. 


In the first term the first factor increase with a power 7,_, and the second 
factor decreases as a power m + 2. 

In general one obtains a power-law behavior with exponent 
11-2 — (m+ 2). The succeeding terms have a slower rate of increase. 
But the inequality (3) shows that the quantity which is obtained is in 
fact bounded. It follows then that r,_, < m+ 2. Thus, as asserted 
m =>)». — 2. 


5. On the Solutions of Incorrect Systems 
5.1. Introduction 
A system of partial differential equations 


is said to be incorrect, if the function A(s) = max, Re A,(s) increases 
according to a power law for real s = a; 1.e., for at least one sequence 
C, —> 


A(on) = C | op |? C>0, p>0O. (2) 


In this case the matrix function Q(s, t) increases along the real axis 
faster than any power of | a |. As was shown in Section 4, the Cauchy 
problem for the system (1) will then not be correct for initial functions 
with a finite order of smoothness. One might hope to obtain a solution 
(in the form of a function) which depends continuously on the initial 
data only if one requires the initial functions to be infinitely smooth 
(of class C”). Here an essential role will be played by upper bounds on 
the function A(c). Indeed, if the inequality 


Ais) << Clo|P+C, 


holds with h < 1, there exist solutions for infinitely differentiable initial 
functions with some restrictions on the growth of the derivatives. ‘These 
restictions will be the stronger, the larger h is. If kh becomes unity or 
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larger, these restrictions lead to the requirement that the initial functions 
be analytic. Any further increase of h leads to even stronger restrictions 
on the growth of the initial functions in the complex x + 1y plane. 


5.2. Conditionally Correct Systems 


A system of equations (1), Section 5.1, is said to be conditionally correct 
if the function A(s) = max; Re A,(s) satisfies an inequality 


Ae) <Cle|2c,, k<1. 


Example. Consider the equation 


The characteristic equation is 
A? = as; 
with the roots 
Aye = +(as)'”. 


On the real axis (s = o) the function A(s) increases as (| o |)'/? (at least 
on one of the semiaxes). Therefore the equation belongs to the class of 
conditionally correct equations. 

As in the preceding cases, one has to find an answer to the question: 
when does the convolution 


G(x, t) * ug(*) 


lead to an ordinary function? Here, as usual, G(x, t) is the inverse 
Fourier transform of the resolvent matrix-function Q(s, t) of the Fourier- 
transform of the system (1), Section 5.1. 

We analyze the properties of the function G(x, t), first for the case of 
one independent variable. 

Theorem 7 of Section 7, ChapterIV, Volume 2, implies that there 
exists a region H, determined by the inequality 


I7| < ACL + Je |) 
in which the function A(s) satisfies the inequality 


A(s) < Cyl o |" + C3. 
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In H the function Q(s, t) is bounded by 
|| O(s, AI < Cy exp[B | s |"). 


We are interested in the maximal possible value of p. If h < py, p 
cannot exceed |. Otherwise the function A(s) would have a power-law 
growth of degree <h on each ray in the s-plane, with the exception of 
ao == 0, and the function Q(s, t) would have an exponential growth of 
order <h, which is impossible for an entire function of order py . 

For conditionally correct systems of positive genus » > 0, the follow- 
ing theorem is true: 


Theorem 1. For a conditionally correct system 


OD P (iz) u(x, t) (1) 


with given parameters h, » > 0, py and p, = Po/( Po — #), the Cauchy 
problem with initial data 


u(x, 0) = u(x) (2) 
is solvable for any function u(x) which satisfies the conditions 
| w(x) < Cages expla | x |?) P 
(I<a,< a3 q~=0,1,2,.5 6 < pi). 


Proof. In the space S,\(B > | — p/po) one can construct a function 
e(x) which vanishes for |x| > #, equals | for |x| < 4, has values 
between 0 and | everywhere, and satisfies the condition 


CO 


Y ex —v) = 1. 


co 


By means of this ‘‘partition of unity’’ one can decompose the initial 
function u(x) into a series of functions of compact support 


foo) 


u(x) = DY u(xje(x —v) = } u(x — v), 


—0 


where 


u(x) == u(x + v)e(x). 
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The derivative of order g of u,(x) has the estimate 
| u\(x)| = rs Ci | u(x + v)ele-A(x)| 


qa 
<_YCf + C+ Alpes expla( + | » ICA (g — jy'o- 


j=0 
< C"A,%g% exp[a(l + | v |)*]. 


Thus the function u,(x) belongs to the space So‘, . The solution of the 
Cauchy problem with initial function u,(x) is, as usual, representable in 
the form u,(x, t) = G(x, t) * u(x), where G(x, t) is the Green’s matrix 
of the system (1). We show that u,(x, ¢) is an ordinary function and that 
the series 


u(x,t) = ) u(x —v, 2), 


converges and represents the required solution of the Cauchy problem. 
For the proof we consider the expression 


G(x, t)* @(x), g(x) E Soh. 


which is meaningful, since G(x, ¢) is a convolutor in the space S,' D So’, 
which in turn follows from the fact that O(c, ¢) is a multiplier in the 
space Sf (8 = 1/p,). The result of the convolution is a function 
belonging to the space S,', which we are going to estimate. Since the 
convolutor G(x, ¢) is a bounded operator, it maps any bounded set in 
S,' into another bounded set. In particular the set of functions (x) 
satisfying the inequalities 


| p'%)(x)| oe CB%g™1 


and vanishing outside a fixed interval, is bounded in S,'. Consequently 
the functions 


Wx) = G(x, t) « P(x) 
will satisfy the inequalities 
| (x)! < Cy exp[—b | x |71] 


with fixed C, and 5. Here the constant C, can be considered pro- 
portional to C. With g(x) = u,(x), the constant B is fixed (= A,) and 
C = Cert)? Therefore 


| G(x, t) * u,(x)| < C, exp[a(] + | v |)? > e-? ll), 
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Further 
| G(x, t) * u(x — v)| < C, exp[a(l] + | v])?Jexp[ — b| x |?1). (4) 


Obviously, the series with terms (4) converges absolutely and uniformly 


on any finite interval. 
In the same manner as in Section 4, it is easy to check that the partial 
sums of this series have a common majorant of the form 


C expla, | x |". 


Consequently, the series converges in the sense of generalized functions 
over the space Sg. Since the convolution operator is continuous, it 
follows that 


G(x, t) x u(x) = G(x, t) x yy u,(x — v) 
= ¥ G(x, t) + u(x — v) = u(x, 2). 


Thus, as asserted, the solution G(x, t) « u(x) is an ordinary function. 
Let now » < 0. Then, according to Section 7, Chapter IV, Volume 2, 
the matrix O(c, t) satisfies the inequalities 


| O(a, t)I| < Cq™-#!™ exp[b | o |*] (q = 0, I, 2,...). 


The remainder of the reasoning is similar to the preceding one, with 
the replacement of p, by #. As a result we obtain the theorem: 


Theorem 2. Jn the conditionally correct case, for h < 1, <0, the 
correctness class for the Cauchy problem (1) and (2) ts the class of functions 
u(x) which satisfy inequalities of the form 


| uM (x)| << CA%g™? exp[b | x |/0-H)] (o = .0,.1) 25.5.). 


The Schrédinger equation can be considered to belong to the condi- 
tionally correct case, taking py = 2, ~1 <p <0, h = 1+ p; the 
correctness class then consists of the infinitely differentiable functions 
which staisfy the inequalities 


| u'2(x)| Ed CA%q/ +) exp[b | x [Ate], 


One obtains a system of correctness classes, which are not contained in 
each other. 
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5.3. Correctness in the Domain of Analytic Functions 


In this section, we shall clarify the problem of correctness classes 
of the Cauchy problem for the system 


AD YS Paw (Ege) mle) GF ber (1) 


without imposing any restrictions on the growth of the functions Q(s, t) for 
real s = a. 

It is natural to expect the correctness class to be relatively restrictive. 
It turns out that in general, it will contain only entire analytic functions 
the growth characteristics of which are suitably restricted. 

We start with several propositions which generalize theorems from 
Section 4, Chapter III, Volume 2 to the case of a function f(z) of 
arbitrary finite order. 

We again restrict ourselves to the consideration of a single independent 
variable. 

Let f(z) be an entire analytic function of order <p and type <6’. 
This means that for any e« > 0, the function satisfies the inequalities 


| f(z) < C.exp[(b + €)| 2 {]*. 


We denote by 3,,, the set of all entire functions of order p and type be. 
This set is obviously a linear system. Convergence in the set 3,, is 
defined as follows: a sequence f(z) € 3,,, converges by definition to zero 
for vy — oo if in any finite domain the sequence converges uniformly 
to zero and all functions f,(z) admit a common majorant of the form 


C exp(b | 2!) 


Any function f(z) € 3,, defines a linear continuous functional 


(f, 9) = | F®) ox) dex 


on the space K of infinitely differentiable functions of compact support. 
We wish to determine the Fourier transform f = F(f) of the functional f. 
The functional f is defined on the space Z, which is Fourier-dual to K. 
In the same manner as in Section 4, Chapter III, Volume 2, the result 
can be obtained by applying the Fourier operator F to every term of the 
Taylor expansion 


f(z) = Daz", (2) 
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It results that for every #(s) € Z 


(FY) = (LaF) ¥) = (La (—FZ) 8), Ho) 
=¥ (ia, FO), (3) 


The series converges for any ¢(s) € Z. One can even show that the series 
converges for any entire analytic function of order p'{(1/p) + (1/p’) == 1} 
and type <(1/b,)? (6, will be defined below). Indeed, for any such function 


sto) 0 
gs) = yO (4) 
the values of the derivatives at the origin satisfy inequalities of the form 
1 ep’ v/p’ 
(v) eas ? 
g%O)| < Cl 5; (-E-] (5) 


whereas the Taylor series coefficients of the function f(s) satisfy 
(apy 
|.a,| < AB (C) (6) 


Thus the series (3) for g(s) has the majorant 


MEG) ) Ga) Phe) Cre 


Vv 
This latter series converges for 
b, ss bpl/p’1/0", 


whence we obtain an estimate for b, . Consequently F( f ) is a functional 
on the space 3,5, - 

The continuity of this functional on 3, ,, follows from the fact that 
the constant C in inequality (5) depends on v and vanishes as v —> 00, 
hence (F( f), ¥.) > 0, whenever the sequence %, € 3, ,, converges to 
zero as defined above. 

Let f(z) € 3,5 be a sequence which converges to zero in the topology 
of the space 3,,. We assert that the sequence of functionals F( /,) 
converges to zero in the topology of the dual space 3, ,, Le., for any 
function (s) € 3 


01 Dy : 
lim (F(f,), ) = 0. 
Under these assumptions, the constant A in (6) depends on », and for 
y —> 00 it vanishes, which implies (F( f,), %) — 0, as required. 
It can be easily seen that 


(Flaf(z)), H(s)) = (FO), (9), 
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Hence, for an arbitrary polynomial P 


(F(P(2) fl2)), Ws) = (FG) P (i) H)). (7) 


Theorem 3. If the resolvent matrix Q(s, t) 1s of order <po(>1) and 
type <b, then for sufficiently small t, there exists a solution of the Cauchy 
problem for the system (1) for any initial function u(x) which can be continued 
into the complex z == x + ty plane in such a manner as to yield an entire 
analytic function of order <p,’ and type <(1/b,)?”. 


Proof. The inverse Fourier transform G(x, t) of Q(s, t) is a functional 
which can be extended to the space of entire functions of order <p,’ 
and type <(1/b,)?°’. In particular, the expression 


(G(E, 2), u(x — €)) 


is meaningful. We show that this function of x and ¢ is the classical 
solution of the problem. 
For t = 0 we have 


(G(E, 0), u(x — £)) = (8(€), u(x — €)) = u(x). 


Differentiation with respect to ¢ of Q(s, ¢) is a continuous operation in 
3,» - Hence the differentiation of the functional G(x, ¢) with respect to t 
is continuous in the space 3,, », , so that 


(GE, 1), u(x ~ 8) = (APD, wx — 8). 


Taking into account the relation (7), we have further 


(eae — 8) = (FP (G 9G.) Me — 8) 


= (F-UP(S)Q(s, #)), u(x — £)) 
= (P(i =) F-1(Q(s, t)), u(x — &) 


=(P(iz 5) 6 t), u(x — &)) 
= (GE 0), P (-*5) u(x — £)) 
=P (iF) (GE, 1, ux — 6). 
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Consequently 
u(x, t) == (G(€, t), u(x — &)) 


is indeed the solution of the Cauchy problem, we were looking for. 
The following example shows that it is in general impossible to 
weaken the assumption of Theorem 3. 
We consider the heat equation 


with an initial function u(x) of compact support, which vanishes 
identically outside the interval (—a, a). The solution of the problem 


ms, 1) = Tce | expt — (# — €F/4e] ue) a8 (8 


is obviously an entire analytic function of x, of order 2 and type arbitrarily 
close to 1/(4t) for any ¢ > O and sufficiently small a. For definiteness, 
take t = |. Consider the “‘inverse”’ heat equation 


a7 -w (9) 


with the initial condition v(x, 0) = u(x, 1). Obviously for O << t < 1 
the solution of this problem is v(x, ¢) = u(x, 1 — t). For t— 1, 
v(x, t) > u(x). For t— | the solution of Eq. (9) will no longer be a function. 
Assuming the contrary leads to the following contradiction: choose 
at, > | for which o(x, 79) is an ordinary function and take this function 
as initial function in the original problem. Then u(x) would be a solution 
of the original equation for t = 1 — 7, and would consequently be an 
analytic function. But this contradicts the assumption that u,(x) is of 
compact support. Consequently the Cauchy problem for Eq. (9) with 
initial function u(«, 1) cannot admit an ordinary function as solution for 
t> 1. 


CHAPTER IV 


GENERALIZED EIGENFUNCTION 
EXPANSIONS 


1. Introduction 


The problem of eigenfunction expansions (or more generally, of 
expansions in eigenvectors of some operator) occurs in the most varied 
domains of mathematics. The problem of reducing a surface of second 
degree to its principal axes, or, what amounts to the same, the reduction 
of a quadratic form to its canonical form by means of an orthogonal 
transformation, is one of the simplest examples of such a problem. 

Already at this simplest level, well known from linear algebra, to a 
quadratic form A(x, x) and a given metric one associates a symmetric 
linear operator A according to the prescription 


A(#;.x) == (Ax, x): 


The unit vectors along the principal axes of the surface A(x, x) = | are 
the (normalized) eigenvectors e,; of the operator A, i.e., they are n ortho- 
normal vectors e; such that the action of A reduces to multiplication 
with the eigenvalues d; of A: 


Ae, = 4; Cy aN 25M), 


Let f = Yj. fje; be the expansion of the vector f in terms of the basis- 
vectors e; (which, as assumed are normalized, 1.e., (e; , e;) = 8,;). Then 
the action of A on the vector f is 


Af = A( ¥ fer) = Daas, (1) 
and the value of the quadratic form A(f,f) = (Aff) of f is given by 
AULA) = AAR (2) 


j=1 
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One of the fundamental theorems of linear algebra is the theorem on 
the existence of a complete orthonormal basis formed out of eigen- 
vectors for any symmetric linear operator A in n-dimensional Euclidean 
space. 

The closest infinite-dimensional analog of an n-dimensional quadratic 
form is an integral form of the type 


f f K(x, s)f(x)f(s) dx ds, 


which occurs, for example, in the mechanics of systems with an infinite 
number of degrees of freedom (example: the energy for an inhomogeneous 
string). The reduction of such expressions to canonical forms is related 
to the problem of finding a complete system of (normalized) eigen- 
functions of the symmetric integral operator 


Ag(x) = | K(x, s)\p(s) ds, 


where K(x, s) = K(s, x). Such a construction has been carried out by 
D. Hilbert in 1906. 

For any such integral operator with the kernel K(x, s) square-inte- 
grable in the rectangular region a <s,x <5), there exists a complete 
orthonormal set of eigenfunctions, i.e., functions e,(x)(j = 1, 2,...) 
which satisfy the conditions 


b 
| K(x, s)e(s) ds == dje,(x), 
; ee 
__ jl for i =¥4, 
J i eAseAs) 05° (0 for i fj. 


If f = 3, fje;(x) is the expansion of a function f(x) in terms of the 
eigenfunctions e,(x), then the action of the operator A on f can be 
written 


Af = A ( >, fel) ig Y free), (3) 
whereas the quadratic form (Af, f) becomes 
(Af) = f° Kes syle) ds = Y fav. (4) 


As before, the numbers A; are called the eigenvalues (or characteristic 
values) of the operator A. 
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Subsequently, F. Riesz has given an abstract formulation of Hilbert’s 
theorem which has also delineated the class of operators for which the 
theorem is valid. It turned out that the method is applicable to a relatively 
restricted class of self-adjoint operators in Hilbert space—the so-called 
completely continuous, or compact operators. A compact operator has the 
property of mapping any bounded set into a compact set; one can also 
characterize these operators as limits (in the norm-convergence of 
operators) of operators which map the whole Hilbert space into a finite 
dimensional space (operators of finite rank). 

The method of separation of variables for linear partial differential 
equations also leads eigenvalue problems, this time however, for un- 
bounded differential operators. In advantageous situations (finite 
domains, regular coefficients and suitable boundary conditions) one can 
reduce such problems by means of the Green’s function to a symmetric 
integral equation. In more general problems, such a reduction becomes 
impossible and the problem of eigenfunction expansions must be 
studied separately. This kind of problem appears in the fundamental 
equations of quantum mechanics. Therefore, it became necessary to 
construct complete systems of eigenfunctions for general self-adjoint 
operators. 

It is well known that even the simplest self-adjoint operators which 
are not compact in the Hilbert space of functions—like multiplication 
by x or differentiation (¢d/dx)—do not admit eigenvectors (i.e., eigen- 
functions belonging to the Hilbert space). 

It is useful to clarify the reasons why such operators do not admit 
eigenfunctions. 

Let us consider as an example the operator of multiplication by x in 
the space L,(a, b) of square integrable functions on the interval [a, 5]. 
Let us assume that for some function y(x) we have 


xy(x) = Ay(x). (5) 


This implies that (« -— A) y(x) = 0, Le., that y(x) vanishes except for 
x == X, But there is no element of the space L,(a, b) except the null- 
function, which has this property. 

As another example we consider the selfadjoint operator 1d/dx defined 
in the space L,(— 00, 00) (defined only for differentiable elements of this 
space, which form a dense subspace). An eigenfunction of this operator 
should satisfy the equation 


t= == hy. (6) 
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But the solutions of this equation 
Ve Cet= 


are not square-integrable for infinite intervals and hence do not belong to 
L(— 90, 0). 

Not wishing to go beyond the framework of a given Hilbert space H, 
mathematicians started to look for other, albeit weaker, formulations of 
the theorem on eigenfunction expansions. The first such formulation 
was essentially indicated by D. Hilbert in 1911 for the case of bounded 
self-adjoint operators A. (The multiplication by « in Z,(a, 5) is in particu- 
lar such a bounded operator.) 

Let A denote a bounded self-adjoint operator defined on the (separable) 
Hilbert space H: 


(Ax, y) == (x, Ay) 


for all x, y in H. It can be proved! that for each interval 4 = («, B) on 
the real axis there exists a maximal invariant subspace H, C H, for 
which the quadratic form (Ax, x) has values in the interval (a, 8) for 
|| x || == 1. This implies that that the restriction of the operator A to the 
subspace H, realizes a mapping of that subspace into itself which 
differs in norm from multiplication by the number a by not more than 
B — «. We denote the projection operator of the subspace H, by E(4); 
E(A* .), with 4’, denoting the interval (— 0, A) will be abbreviated as 
E,. The totality of projectors E(4) is called the spectral family of the 
operator A. If A is a compact (completely continuous) operator, for 
example the integral operator considered above, the spectral family 
E(A) consists of the projectors on the subspaces spanned by the eigen- 
vectors for which the eigenvalues are situated in the interval 4. In the 
general case, one can decompose the interval [—|| A ||, || A ||] of the 
real axis, for any «€ > 0, into a sum of intervals 4; (j = 1, 2,..., N; 
N <2\|| A|l/e) of length smaller than « such that the space H is decor 
posed into the orthogonal sum of subspaces H,,.In each of these subspaces, 
the operator A realizes a mapping which differs in norm by less than « 
from multiplication with A;. Consequently the operator A differs (in 
norm) by less than « from the operator 


y ECA) 


j=l 
throughout the whole space H. 


1 Translator’s note: Cf. also for details Volume 4, pp. 127 ff. Most of this chapter 
should be read in parallel with Chapter I of Volume 4. Cf. also the book by Riesz and 
Nagy quoted in footnote 3, p. 169. 
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For « +0 this sum converges to a limit which can be denoted? as 
fO AdE;: 


A=| ” \dE,. (7) 
Actually, Eq. (7) is to be understood as 


(Af,g) =f Ad(Esfg) forall f,geH. (8) 


This is the “spectral resolution” of the operator A, which replaces the 
eigenvector expansion valid in the case of finite-dimensional or compact 
operators. 

For f = g, (8) yields the spectral resolution of the quadratic form 


(Af, f): 
(Aff) = | MELA) (9) 


as a generalization of Eqs. (2) and (4). 

Later, von Neumann extended Hilbert’s results to the most important 
case of an unbounded self-adjoint operator A which is defined on a dense 
subset H, of the Hilbert space H. Let us recall the definition of an 
unbounded self-adjoint operator. In general, a bilinear form (Af, g) is 
not, for fixed g, a linear continuous functional of f. If for some g, this 
bilinear form is such a linear continuous functional, then there exists a 
g,¢H (which is uniquely determined), such that (Af, g) = (f, g,). 
Thus, for the set of such g, a linear operator mapping g into g, is defined. 
This operator is called the adjoint of A and is denoted by A*. Thus 


(Af, 8) = (f, A*8). 


If the operator A* is defined on the domain of the operator A (if A is 
unbounded it is defined on a subspace of H, the domain of A) and on 
this domain coincides with A, then A is said to be symmetric.’ If in 
addition the domains of the operators A and A* coincide, the operator A 
is said to be self-adjoint. For self-adjoint operators, one can construct 
invariant subspaces H, with the properties indicated above. But in this 


2 In fact the integration is over the interval [— || A ||, |! A |[]. 

8 F, Riesz and B. Székefalvy-Nagy, “Lecons d’analyse fonctionnelle.’? Akadémiai 
Kiadé, Budapest, 1952 (authors refer to Russian Ed. 1954). Engl. Transl. ‘Functional 
Analysis.” Ungar, New York, 1955. 
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case, the interval [—|| A|!, || A ||] is replaced by the whole real axis, 
since an unbounded operator has no finite norm. 

In the case of unbounded operators the distinction between symmetric 
and self-adjoint operators is essential. Thus, the operator zd/dx, defined 
on the interval a, 6 for functions y(«) which vanish at the points a and b 
(and are square integrable together with their derivative) is a symmetric 
operator, but is not self-adjoint. With these boundary conditions this 
operator does not admit eigenfunctions. If one replaces the boundary 
condition by the more general periodicity condition y(a) = y(b), the 
operator will be self-adjoint (on the set we described above) and it 
admits a complete set of eigenfunctions. 

It is very important to know under what conditions a given symmetric 
operator which is not self-adjoint can be extended into a self-adjoint 
operator (as shown by the preceding example). Such operators are 
called essentially self-adjoint. 

We give here two sufficient conditions, each of which guarantees the 
existence of a self-adjoint extension of a given symmetric operator:? 


(i) The operator A is real, i.e., its domain contains with each function f 
its complex conjugate f, and Af = Af (i.e., A maps real functions into 
real functions and complex conjugate pairs into complex conjugate 
pairs). 

(ii) The operator A is semi-bounded, 1.e., for all f in the domain of A 
we have the inequality 


(46h, f—) = hf) 


(lower semi-boundedness). The largest admissible value of « is the 
infimum (inf) of the operator A. A semi-bounded symmetric operator 
admits a semi-bounded self-adjoint extension with the same inf. 

But all these very substantial results represent only a surrogate for 
the spectral resolution, due to the fact that one imposes the condition of 
not going outside the initial Hilbert space framework. 

Indeed, as is clear from the preceding examples of multiplication by 
x and differentiation (for functions defined on the whole real axis), it is 
in general impossible to obtain genuine eigenfunctions, without going 
beyond the limits of Hilbert space. The application to differential 
operators, for instance, of the general results cited above, notwith- 
standing their apparently definitive abstract formulations, leads to a 
series of difficulties. 

On the other hand, there exists another possibility. It is suggested by 
the same examples of multiplication by x and differentiation. In both 
these examples eigenfunctions actually exist, but outside the limits of the 


l. Introduction 171 


original Hilbert space. For the operator of multiplication by x such 
eigenfunctions are the delta functions 6(x — A) (a generalized function); 
for the operator of differentiation id/dx, the eigenfunctions are the 
nonsquare-integrable e“*. Both these “eigenfunctions” can be obtained 
as linear functionals on a test function space which is a (dense) subspace 
of the initial Hilbert space. In some cases this space is the space K of 
infinitely differentiable functions of compact support.‘ 

One can indicate a rather elementary procedure which leads from the 
spectral function E, to the required generalized eigenfunctions. 

We have indicated that in the subspace corresponding to the projector 
E(4), 4 = (a, B) the quadratic form (Ax, x) is for || x || < | bounded by 


o < (Ax, x) < B. 


The operator A leaves the subspace H, invariant. We define the operator 
A — AE which also maps the subspace H, into itself. Since the norm of 
a symmetric operator is the least upper bound of the absolute values of 
the associated quadratic form, we have 


| A — aE |i = sup ((A — a)x, x) 
(e,a)s=1 


= Fea ((Ax, x) — a(x, x)) = B — 


Therefore, for any normalized vector x € H, 


(A — oB)x|| <P —a. 
Hence 
Ax =ax +e, lie |] < B— a. 


We see that every vector in the space H,, is ‘‘almost’’ an eigenvector. The 
corresponding eigenvalue is « and the “error” is not larger than B — a. 
The shorter the interval («, 8), the less does the vector Ax, x € H,, 
differ from ax. It is clear that any genuine eigenvector corresponding to 
the eigenvalue « is situated in the intersection of all H, as the interval 4 
contracts to the point a. 

But there may not be an element of the Hilbert space situated in this 
intersection—1.e., there may be no genuine eigenvector belonging to the 
eigenvalue «. 

We may nevertheless make use of this construction in order to obtain 
an eigenvector in a wider space. With a fixed vector e, one can form the 


* Translator’s note: This is an example of a “rigged Hilbert space’’—or Gel’fand triplet 
of spaces, which are discussed in detail in Volume 4. 
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vector E(4)e = (Es, — E,) e, which belongs to the subspace H,. We 
normalize this vector by dividing it with an appropriate number o(4), and 
then let 8 converge to «a. 

The operation which was carried out with the vectors e, = E,e is 
equivalent to a differentiation of this vector with respect to the parameter 
A (for X == «) with a given measure o,. It is clear that one must first 
investigate under what condition such a differentiation is legitimate. 
Therefore, we begin our discussion with the problem of differentiation 
of abstract functions depending on a parameter 4. It turns out that such 
an operation is possible, not in the framework of normed or Hilbert 
spaces, but in spaces of generalized functions. Thus spaces of generalized 
functions (distribution spaces) turn out to be the most convenient frame- 
work for spectral resolutions of differential operators. 

We shall show in the following that the generalized eigenfunctions (or 
eigendistributions, as they are sometimes called) y, == dE, e/do,, obtained 
in this manner, form a complete set and we shall analyze the nature of 
these functions. In many cases, as for example for Sturm-Liouville 
problems, these will be ordinary functions. In this way, one can obtain 
the well-known results on spectral resolutions obtained by H. Weyl, 
F. Browder, L. Garding, K. Kodaira, M. G. Krein and F. Mautner. In 
addition, we obtain new spectral resolutions. Finally, we shall investigate 
the asymptotic behavior of the eigenfunctions. For nonelleptic differen- 
tial operators the eigenfunctions are in general generalized functions. 


2. Differentiation of Functionals of Strongly Bounded Variation 
2.1. Functionals over a Banach Space 


We first consider a Banach space © and its dual ©’ formed by the 
linear continuous functionals over ®. ®’ is also complete, 1.e., a Banach 
space. 

A linear functional f, which depends on the parameter A (a <A < 5), 
is said to be of strongly bounded variation, if for any partition of the 
intervala <A <b 


CAG Ay oe hy SO 
the norms satisfy the inequality 


Vilna Gal eG, (1) 


where C is a constant. 
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Applying the functional f, to a fixed element of the space ®, one obtains 
a numerical function (fi, m) of A which will be of bounded variation in the 
usual sense, since 


» \Fageas P) — Yayo) = > (Paya, — Sa; > P)| 
SV iif, — fall lie i (2) 


A function of bounded variation admits a derivative almost every- 
where.® In particular, the numerical function (f,, g) is differentiable with 
respect to A, possibly with the exception of a set of measure zero. This 
set of measure zero will in general depend on the vector ». The question 
arises, whether one can take the same set of measure zero for all o. If the 
answer to this question were affirmative, one could assert the existence 
for almost all A of a functional g,, which is the weak derivative of f, with 
respect to A: 


fis —fi _ fh 3 


Sa ga aa 
It turns out that this is indeed so if the space @ is separable, i.e., admits 
a countable everywhere dense set {g,}. The resulting theorem is valid not 
only for Lebesgue measure but for any o-additive measure on the 
intervala <A <b. 


Theorem 1. Jf the Banach space © is separable, then any linear 
continuous functional f,, defined on ® for a <r < b, which ts of strongly 
bounded variation with respect to A, is almost everywhere weakly differen- 
tiable with respect to any nonnegative o-additive measure yp defined on 
the Borel sets of the closed interval [a, b]. 


Proof. We denote by u(4,*) the value of the measure for the semi- 
closed interval « < A < B. We show first that the function || f, || is almost 
everywhere Lipschitzian: 


(Fier =f, | < ep): (4) 


If the inequality (4) were not true, there would exist a set P of positive 
measure p(P) = y > 0 such that for any N and any Ac P there is a 
sequence A‘) —» ) for which 


(m) 
faced — fy|| > Nua y 


5 Cf. e.g., I. P. Natanson, “Teoriya funktsii veshchestvennoi peremennoi”’ (Theory of 
Functions of a Real Variable) p. 193. Gostekhizdat, Moscow, 1950 (or any English text 
on real variables).- 
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According to Vitali’s theorem,® one can select from the system of 
intervals 4}‘n covering P, a finite number of disjoint intervals which 
together cover a set Q, with p(Q) > y/2. Let (A,,A,’) denote these 
intervals (7 = 1, 2,...), then 


D lif; —faj ll > NY w(40) > 4Ny; 


but this contradicts the assumption of strongly bounded variation for fy. 
For any » € © the numerical function ( f; , m) is of bounded variation. 
Indeed 


D Pagar 9) — (fa, > P)| < PUD Wasa fi; \| <C\l¢ll 


and consequently (f;,) admits almost everywhere a derivative with 
respect to the measure yw. This is in particular true for the elements 9, 
of a countable dense set. 

Consider a set O of total »-measure (i.e., such that «(QO \ [a, b]) = 0) 
on which the function || f,|| satisfies the Lipschitz condition and all 
functions (f,,,) (v = 1, 2,...) admit derivatives. We assert that all 
functions ( f; , p) have derivatives on the set O. Indeed, for any 1 €Q we 
have, on the one hand 


Sas se Or 


on the other hand, for arbitrary / there exists a limit for the ratio 


(fran ’ Pv) ee (fr ’ Py) 
p(43*") 


Thus the system of functionals 


fran Sa fa 
war) 


is bounded in norm for fixed A €Q and converges on the elements of a 
countable dense set {9,}. 

But a sequence of continuous linear functionals which are bounded in 
norm and converges on a countable dense set in the separable Banach 
space ® is convergent for any element of the space ®. 

Consequently the functional f,, for A€Q, admits a weak derivative 
x, with respect to the measure p as required. 


6 In the book by Natanson quoted in the preceding footnote the proof is given for 
Lebesgue measure. It is easy to generalize the proof to the case of a general nonnegative 
o-additive measure, which we require here. 
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2.2. Functionals over Countably-Normed Spaces 


We recall from Sections 3 and 4, Chapter I, Volume 2, the fundamental 
facts about the structure of (complete) countably-normed spaces ©. 
Such a space is the intersection of a sequence of complete normed 
(Banach-) spaces 


©, 0,3 -+-DG,D--DE@ 
with increasing norms 


el <iiele <- <\lel, <" 


which are coordinated with each other in the sense that if a sequence 
{p,} is a Cauchy sequence in the norm || ||,.,,,, and converges to zero in the 
norm || ||,,, then it also converges to zero in the norm || |!,,,, . The space 
®,, is to be understood as the completion of the space ® in the norm 
lly 

Any continuous linear functional over the Banach space ©, is at the 
same time a linear continuous functional over the space ®. It has been 
proved in Chapter I of Volume 2, that the converse is also true: each 
continuous linear functional over the space ® can be extended to a linear 
continuous functional over some space ®,, and is therefore an element of 
the dual @,’. The set of all linear functionals over ® which forms the 
dual space ®’ is thus the union of all dual spaces @,’: 


é 


PCO! C+: CG’C+-C PH = (JG. 


p=1 


The smallest number p for which a functional f € ®’ belongs to the space 
®,,’ is called the order of the functional. In each of the spaces ©,,’, ©, ,, ,... 
the functional f has a norm, satisfying the decreasing sequence of inequal- 
ities 

iF li Z WF loa gay om 


Formally one can add to this sequence the first terms || fl, , ---, || fllp— 
considering them equal to infinity. 

By definition, a functional f, defined on a countably-normed space ® 
is of strongly bounded variation, if there is a number p such that the 
functional f belongs to the space ®,,’ and is of strongly bounded variation 
with respect to the norm of that space, i.e., 


» tee = fy, ll <C, 
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Making use of Theorem | of the preceding section we obtain: 


Theorem 2. A linear continuous functional f, of strongly bounded 
variation (with respect to X), defined on a separable countably-normed space 
® is almost everywhere weakly differentiable with respect to a positive 
o-additive measure y». Its weak derivative 

Bae 2) 
YA du 
is a functional belonging to that space ®,' , with respect to the norm of 
which the functional f, ts of strongly bounded variation. 


3. Differentiation of Functionals of Weakly Bounded Variation 
3.1. General Considerations 


We consider the continuous linear functional f, , defined on the linear 
topological space ® and depending in the parameter A, a <A <b. To 
each element o of the space this functional associates a numerical function 
of A equal to (fi, m). The functional f, is said to be of weakly bounded 
variation in [a, 5] if the numerical function ( f,, ») is of bounded variation 
for any » €®, i.e., if for each partition of the interval a <A <b by 
means of the intermediate points a = Ay <A, < +: <A, = 5, the 
inequality 


» (Paves ’ @) = (fa, ’ ?)| = y a. = fa, ’ P)| < Cy (1) 
holds with a constant C, depending only on the element g. 


Example 1. We consider one of the function spaces over the line 
—0o <x« < 00 consisting of absolutely integrable functions, and the 
functional over this space defined by the step function 


0 for x<A 
aor) a 1 for x>A): 


(Ax — A), @ (3)) = fox) de 
We have 
YMOl% = Ayan) = eA), OW =D] [ole a 


i.e., condition (1) is fulfilled. 


<1 Ha) de, 
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Example 2. Ina Hilbert space, we consider the spectral family EF, 
and a fixed vector e. The linear functional (Ee, »), is also of weakly 
bounded variation. 

Let {A,;} denote a partition of the A axis into a finite number of intervals 
A, and let E(4;) = Ey, — Ey, (j = 1, 2,...) denote the corresponding 
projectors. Setting e; = ="E(4,) e and g; = E(4;) » we obtain 

(E(A;)e, P) = (E(4;) é, E(A;)p) aoe (e; ’ Pi)» 
(e4. Ps)l S Uh es il + bee ll S BCI es ll? + Ul ps IP), 
> (Bays ams E,,)e, @)| = > \(E(A;)e, )| 
< 3 3 (| e; \I? + |] y; |?) 
= a(iie li? + lie li?) 


l.e., the inequality (1) is satisfied. 

One can give a different formulation of the definition of the concept of 
a functional of weakly bounded variation. It follows from inequality (1) 
that for arbitrarily chosen numbers ¢, (| «; | = 1), 


LD Saja mae »P)| C 


or 
1d Pagar Sas) P) SC 
The last inequality signifies that the set of all functionals of the form 
Yahi —Ad Wel=) (2) 


is a bounded set in @’ (i.e., is weakly bounded and consequently also, 
strongly bounded; cf. Section 5, Chapter I, Volume 2). 

Conversely, if the set of all functionals of the form (2) forms a bounded 
set in ®’, this means that for an arbitrary choice of the numbers 
e; (| ¢;| = 1) and an arbitrary element the inequality 


i( y eA fa, = $4,)s Pi S C, 
holds. If one chooses the e,; so that 
(fas Te fa,)» ?) ae Pavia ih ’ P)I; 


we arrive at the condition (2). 
We have thus proved that: A functional f ts of weakly bounded variation 
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if and only if all functionals of the form (2) form a bounded set in the 
space ®’. 

In the same manner as for functionals of strongly bounded variation, 
there arises the problem of differentiability of a functional of weakly 
bounded variation. 

This question is important not only from the general point of view. 
The differentiation of the functional defined by the function 0(x — 2) 
(Example 1.) leads to a delta function, which is a generalized function. 
Similarly, the differentiation of the functional (E,e, m) could lead to 
generalized eigenvectors of the operator A, to which the spectral 
family E, belongs. 

But these same examples show that the problem of differentiability of 
a linear functional of weakly bounded variation cannot in general be 
answered in the affirmative in the framework of Banach spaces (or more 
particularly, Hilbert space). Indeed, the function 6(x — A) is an element 
of a Hilbert space (square integrable functions on an interval) but its 
derivative 6(« — A) is no longer an element of this space. 

The answer to the question posed above is affirmative if the functional 
is not only of weakly bounded variation, but also of strongly bounded 
variation. This is usually not the case for functionals defined on normed 
spaces. In particular it is not true for such functionals as 6(x — A) or Ee. 

The situation is radically different for functionals defined on countably 
normed spaces’ where it is more often the case that a functional of 
weakly bounded variation is also of strongly bounded variation. This is 
true in particular for the so-called nuclear spaces. 

A countably normed space will be called a nuclear space or N-space if 
each continuous linear functional f, which is of weakly bounded variation 
with respect to A is also of strongly bounded variation.® In each separable, 
and in particular, in each perfect N-space® any functional f, of weakly 
bounded variation admits a weak derivative, almost everywhere with 
respect to any nonnegative o-additive measure. 


3.2. The Case of the Space K{M, } 


We show that a space ® = K{M,} (cf. Section 1, Chapter II, 
Volume 2) is an N-space, under certain conditions. A space K{M,} 


? Translator’s note: Or countably-Hilbert spaces, cf. Volume 4. 

8 Translator’s note: In Volume 4 different definition of nuclearity is given for countably 
Hilbert spaces. Under certain assumptions about the functions M,(x), the nuclearity 
of the spaces K(M,,) is also proved there. 

® Translator’s note: In Section 3, Chapter I, Volume 4, it will be proved that each 
nuclear space is perfect. 
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consists of all infinitely differentiable functions g(x) which are such that 
the products M,(x)| D%p(x)| are continuous and bounded in R.!° Here 
1< M(x) <--- < M,(«) <--: is a given sequence of functions. The 
functions M,(x) are either all infinite for a given x, or all are finite, for 
all p. Wherever these functions are finite they are assumed to be con- 
tinuous. We asume that the conditions (P) and (N) are satisfied. The 
condition (P) consists in the existence for each p of a p’ > p, such that 


es IMEX) - 
= M, (x) 


0; 


if this condition is satisfied, the space K{M,} is perfect (Section 2, 
Chapter II, Volume 2), 1.e., all its bounded sets are compact. The con- 
dition (NV) requires that for each p, there exist a p’ > p, such that 


M,(x) 
M,(x) = Myy'(x) 


is an integrable function of x. In a space K{M,} satisfying condition (N) 
one can introduce two equivalent systems of norms 


ll p lo = ree M,(x) | D%p(x)|, (a) 
lel’ = sup | M,(x) | Deg(x)) de. (b) 


Let ®,, denote the completion of the space ® with respect to the norm (a) 
and let ®? denote its completion with respect to the norm (b). 

According to the general theory, the dual space ®’ can be viewed as 
the union of the dual spaces ®,,’ and at the same time as the union of the 
dual spaces ?’, 

Let f, € ® be a functional of weakly bounded variation fora <A <b. 
As shown in Section 3.1, this means that all functionals of the form 
Lee &(fa,,, —fa,) form a bounded set in ©’ for arbitrarily chosen 
points A; and numbers «,(| ¢; | = 1). But then all these functionals belong 
to a space ®?” for a certain p, and form a bounded set in @»’. At the 
same time, the functionals f, form themselves a bounded set, so that one 
can assume, without loss of generality, that the f, belong to ©?’ and are 
bounded there with respect to their norm. The general form of a con- 


ole! 


10 Here, DY? = ——-—--—_—__ 
Oxi sae oxen 


lql =q ++ 4n < D. 
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tinuous linear functional on a space ®? was determined in Section 4.2, 
Chapter II, Volume 2. It was shown there that 


(fie) = YL | Mo(af(@)D%q(x) dx, (1) 


2 


where /,°(x) is for each g and A a measurable and bounded function in the 
space R. The norm of the functional is defined as 


Falla» = >. sup, | f:°(x)|, 


jajxp 


where sets of measure zero are to be neglected in taking the sup. Further- 
more 


(Tlfiya— Fare) =X f Mol) [D Aff) — f(a) Dp dee 
j q j 
Since the norms of these functionals are bounded, we have 


>) sup, 


Dy €( fi, ,1(*) — f5,(*)) | < C 


lai<p 
For every fixed x the multipliers «;, | «; | = 1, can be chosen arbitrarily, 
therefore 
Y supe), | Ai,.(%) — A(x) < C. (2) 
lal<p j 
We estimate now the norm of the functional f, | — f,, in the space 


®D,, WHERE p’ is chosen according to condition (N), “to agree with p. For 
QPe ®, 


(fu —fy PS Lf Mo) A808) — A)! | DY) ax 


lal<p 


Y | myo) Ayal) — £8) «My | D8G(x)| dex 


= 


< sup, My(x) | D’(x))- Ff tye A 8) F401 ds 
la|<p 
and consequently 


ayer —Sagllos, < DY mon) F508) — A(@)| de. 
- lal<p 
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Making use of (2), we find 

Lifer Say llog. SLY mye) DIAC") — ARC) ax 

j j 


la|<p 
<c i Myp'(X) dx == Cop’ * 
whence 
sup >» Il fay. filet. < Cop's (3) 
j 


as required. 

Remembering that a perfect space ® is separable and making use of 
the theorem from Section | we conclude that im a space ® = K{M,} 
which satisfies the conditions (N) and (P), any functional f, (a <2 < b) 
of weakly bounded variation admits a derivative with respect to any non- 
negative o~additive measure (A) almost everywhere in [a, b]; this derivative 
is a functional df, / du{A) belonging to the same space ®,,' for which the 
expressions 


n 


> Nass ~ faylle . 


j=0 
are bounded. 

We recall that the space ®,, consists of functions g(x) which are p’ 
times continuously differentiable and have finite norm 

Pil = sup, M,(x) | D%p(x)). 
|a|<p’ 

There exists another definition of an N-space (nuclear space), which 
will not be used in this chapter, but which we give here, due to its 
simplicity. For details and applications the reader is referred to Section 3 
and following, in Chapter I, Volume 4, in particular, the nuclearity of 
the space K{M,} is proved in Section 3.6, there. 

A series of functionals f, + f, + °°: +f, + °:: is said to be uncondi- 
tionally convergent if for any test function the series 


fo 8) 


> (fi > @)|- 


j=l 
converges. The same series is said to be absolutely convergent if there 
exists a neighborhood of zero U in ® such that the series 


oO 


Dy NA lly 


j=1 


converges, with the norm || f; ||y = sup jeu I( fj > @)). 
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One can define an N-space as a space for which every unconditionally 
convergent series of functionals ts absolutely convergent. A proof of this 
statement can be found in Volume 4, p. 67 ff. 


4. Existence and Completeness Theorems for the System of 
Eigenfunctionals 


We show in this section that a spectral family E, defined on a given 
Hilbert space H can be differentiated with respect to the parameter A in 
terms of a measure o. The result of this differentiation y, = dE,e/do(A) is, 
for fixed A, a generalized function and the set of all generalized eigen- 
functions y, obtained in this manner forms, in a sense to be defined 
below, a complete system. 


4.1. General Remarks 


We consider a perfect space ®, 1.e., a countably normed space in which 
every bounded set is relatively compact (i.e., has compact closure). 

In addition to the original countably-normed topology, let there be an 
inner-product metric defined on @: to each pair of elements o, % there 
is a complex number!! (gq, %) (the inner product) with the usual prop- 
erties: 


C1) (G1 + 25%) = (91, h) + (G2, #); 


(2) (% 4) = (4, 9); 
(3) (op, f) = O(@, ); 
(4) (pe) >0 for » #0. 


In addition, we assume that the following condition is satisfied 


(5) If », — ¢ in the (countably-normed) original topology of ® then 


(gp, , +) — (g, %) for each % (continuity). 
The inner product being a bilinear form, it associates to each element 


g € @a linear continuous functional f, according to the formula 


(fo »#) = (9, #). 


Jt should be clear from the context when (f, ~) denotes the value of the linear 
functional f on the element ¢ and when (¢, #) denotes an inner product on ®, 
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The association » < f, is obviously linear. To different ele- 
ments of the space @ it associates different elements of the space ®’: if 
fo, = fog» Sr,-0, = 9, consequently (p, — y,,%) = 0 for all pe; 
with % = o, — g: we have (q, — @2, 91 — g2) = 0, whence, by (4), 
1 = 92. Finally the association is continuous: if »,—> go, then con- 
dition (5) implies (9, , %) > (@, %) for any ~e@ and consequently 
fo, ~Ffe, weakly (and due to the fact that @ is a perfect space, this 
implies strong convergence). 

The inner product (gy, 4) makes ® into a pre-Hilbert space and its 
completion with respect to the metric defined by the inner product 
makes it into a Hilbert space H. It can be shown that the mapping 
g—f, can be extended from the space ® to H. Indeed, any element 
he H defines a linear functional on @ via the inner product (h, ¢); this 
functional is continuous in the topology of H. We verify that it is also 
continuous in the topology of ®. Let », — A in the topology of H. Then 
(gp, , b) > (h, db), 1e., the functional h is a weak limit of continuous 
linear functionals, and according to the theorem of Section 5.6, Chapter I, 
Volume 2, is itself a continuous linear functional. Thus, to each he H 
one can associate a linear continuous functional f, € ©’, such that 
(fr, v) = (A, y) (here the left side brackets denote a functional, the 
right hand brackets denote an inner product—the meaning should be 
clear from the context). A reasoning similar to the one given above 
shows that the mapping h—f, is continuous and one-to-one. Iden- 
tifying the functionals f, with the corresponding elements h, we obtain 
the inclusions}? 


®CHC®’ 


Example 1. Let © denote one of the perfect spaces of square- 
integrable functions g(x)(—0 < x < 0), for example the space 
K{M,}, satisfying condition (P) (cf. Section 3.2) and define 


(e0) = | ox) 0) ae. (1) 


In this case the Hilbert space is L,(— 00, 00). The injection » — f, is the 
identity map. 


12 Translator’s note: The careful reader will have noticed that if the three spaces 
involved in the Gelfand-triplet (“rigged Hilbert space’’) are considered as vector 
spaces over the field of complex numbers, the sesquilinearity of the inner product in H 
implies that one of the two inclusions should be understood “‘antilinearly”’ (i.e., functions 
should be replaced by their complex conjugates, when making the appropriate identifica- 
tions); cf. Volume4, p. 107. Note that in Volume 4 the dual of a space is called the conjugate! 


184 GENERALIZED EIGENFUNCTION EXPANSIONS Ch. IV 


Example 2. Let ® be one of the similar spaces of functions of two 
variables g(x, , x.) and let 


om =ff( ZEB Byam 


Taking into account the decrease of these functions and of their 
derivatives at infinity, one obtains, making use of the Green identity: 


[abt Bate = [0 (Ga + Seats. 


Here H is the Hilbert space obtained by completion in the inner 
product (2) and the mapping @ — f, is obtained by applying the Laplace 
operator to the function 9. 


Example 3. Let A be an arbitrary symmetric positive definite 
differential operator. We can define for an element of the test function 
space ® 


(et) = [P- Ap de. 


Here the mapping g — f, is the application of the operator A to @. 


4.2. The Existence of Eigenfunctionals (Generalized Eigenfunctions) 


As already indicated, the problem consists in establishing the existence 
of the derivative of a given spectral family E, with respect to a measure. 

We define this measure in the following manner. Let e denote a 
normed vector of the space H and let H(e) denote the subspace spanned 
by the vectors e, = E,e. The immediately following constructions will 
be in terms of the space H(e). We define the function o(A) = (E,e, e). On 
the basis of the known properties of the spectral resolution this is a 
monotone function of A taking values from 0 to | as A varies from — 00 
to + 00. Such a function generates in a well-known manner a (Lebesgue)- 
Stieltjes measure on the axis —00 <A < +0: the measure of a set P 
is given by the integral o,(P) = fp do(A). 

We now formulate and prove the first of our fundamental theorems. 


Theorem 1. Let H be a Hilbert space obtained by completion of a 
(perfect) N-space ® with respect to the inner product (9, ) and let 
E, = E(A’..) bea spectral family of projectors defined on H. Let further e 


4.3 Existence and Completeness Theorems 185 


be a fixed normed vector in H and define o(X) = (E,¢, e). Then, almost 
everywhere with respect to the measure o, = o(A) there exists the derivative 


dEj,e _ 
do, = Xa» 


and this derivative ts a continuous linear functional defined on ®. Its action 
on an element » € ® 1s given by 


(11,9) = “Eo, (1) 


Proof. As an abstract function with values in ®’ the function 
Ee = e, is of weakly bounded variation. Indeed, for any » €@ the 
bilinear form (e, , p) = (Ee, ¢~) of the vectors e, and ¢ can be represented 
as a linear combination of four quadratic forms, each a monotone function 


of x: 
(E,e, p) = (Exe + @), e + v) + (Ee + i), e + ip) 
~~ (E,(e — ¢), e ~ p) — HEe — tp), e — t9)}. 
Since ® is a nuclear space, it follows that Eye is a functional of weakly 
bounded variation. 


But then according to Section 2, there exist (for almost all A with 
respect to the measure ¢,) the functionals 


or dE ,e 
Xa = do, ’ 


which operate according to the formula 


d(E,e, 
(44.9) = Ee | 


Thus Theorem (1) is proved. 


4.3. The Completeness of the System of Eigenfunctionals 


In this section we analyze the problem of orthogonality and complete- 
ness of the system of generalized eigenfunctions (eigenfunctionals) x). 
Naturally, here it is meaningless to talk about ordinary orthogonality, 
since inner products of the form (y,, x,) are not defined. This is also 
true in classical analysis, e.g., in the theory of Fourier integrals, where 
one cannot talk about orthogonality of the functions e“” on the whole 
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axis; a replacement of the orthogonality relation is in this case the 
Parseval relation 


[ fer dx = > | i floy? ao. (1) 


The geometric meaning of this relation is clear by analogy with Pytha- 
goras’ theorem: the square of the length of the vector f is the sum of the 
squares of the lengths of its Fourier components. Therefore we have 
indeed some kind of orthogonality for the components.'8 

Completeness for the system of generalized eigenfunctions y,(x) 
means that each function g(x) can be composed from these generalized 
eigenfunctions by means of an appropriate integration over the param- 
eter A, in the same manner as in the theory of Fourier integrals any 
function can be composed from the exponentials e* by means of 
integration over A. In our case this fact is a consequence of the general 
theorem on the reconstruction of an absolutely continuous set function 
in terms of its derivative. We recall that a completely additive (o- 
additive) set function f(P) is said to be absolutely continuous with respect 
to the measure o(p) if f(p) = 0 on each set of o-measure zero, i.e., if 
o(P) — O always implies f(P) — 0. Each function f(P) which is absolutely 
continuous with respect to the measure o(P) can be represented as an 
“indefinite integral” 


f(P) = | x ao; (2) 


the function y is called the derivative of the function f with respect to 
the measure o.!4 

This allows us to formulate and prove the second fundamental 
theorem. 


Theorem 2. The set of functionals x, constructed in Theorem | is 
orthogonal and complete in the sense that for each test function gm € H(e) one 
has the following relations 


p=] Cre xrdo(a), 3) 


18 Translator’s note: One could also say that although orthogonality has a meaning 
in this case, normalization leads to divergent integrals. It may be more correct to consider 
the Parseval identity (1) as a completeness relation, as is usually done by mathematical 
physicists. 

4 Cf. e.g., S. Saks, “Theory of the Integral,’’? Warszawa-Lwow, 1937. 
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lel? =f las @)P do). (4) 


In particular, if (x, , ~) = 0 for all A, then pm = 0. 


Proof. We make use of the so-called canonical representation by 
means of a function space of the subspace H(e) generated by the vectors 
e, = E,e. We associate to the vector e the function e(A) = |, and to the 
vector E(A)e we associate the characteristic function of the interval J. 
We then extend this association by making use of linear combinations 
(of characteristic functions and projection operators) and limits, to all 
functions of L,? and the whole space H(e), respectively (L,? is the Hilbert 
space of all functions which are square integrable with respect to the 
measure o). The association is realized by the formula 


f=] fA)dbe  (fa)eL2,feH@) (5) 
and one can show that for arbitrary g € H(e) 
(f.8) = J f0)8®) doa) = [_fQ) dE. (6) 


These equations show that the association of the spaces H(e) and L,? is 
in fact an isomorphism (of Hilbert spaces). 

We now prove the completeness of the system of eigenfunctionals 
X,, Le., the fact that (v,, @) = 0 for all A implies gp = 0. From the 
inequality 


(J , aha, e)) < (J, dE.e, | : dE,e) (co. ; 


with P an arbitrary o-measurable set, it follows that the set function 
(J, dE.e, p) = J, d(E,e, p) is absolutely continuous with respect to the 
measure o(P) = J, d(E,e, e): ie., if o(P) = f, d(E,e, e) = 0 then 
J, UE, p) = 0. Indeed 


( |  dEe, | ; dE) is | 4 (Exe, | : dE) 
id ( | dE, Ee) 


(a(t d(E,e, e)) = 0, 
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whence (J, dE,e, p) =0. Therefore, according to Eq. (1) of Section 4.3 
and Eq.(3) above, we have, for arbitrary f, p € H(e) 


(f.9) =f fO) abe, 9) = [_f0Yoe+ 9) do Q). 
But, on the other hand, according to Eq. (6) with » € H(e) 
(f.0) = J _f0) eA) do (A 
since f(A) EL,” is arbitrary, then, almost everywhere with respect to o 


(xis) = 9A), te. (py xa) = GAA). (7) 


One can say that (A) is a “Fourier coefficient” in the decomposition of 
the test function » with respect to the generalized functions y,. 
Replacing f by » one can rewrite Eq. (5) in the form 


p=| Gv dBe= [GA mde) 


which coincides with the required formula (3). Equations (6) and (7) 
lead to the Parseval identity 


(p $) = [. (xa 2 P) (Xa #) do (A); 
which, in particular, for g = % becomes 
iel?= [oa odo Q), 


1.e., the required Eq. (4). This completes the proof of the theorem. 


Remark 1. The space H can always be represented as a direct sum 
of spaces H(e,), where a belongs to some index set. In each space H(e,), 
Theorem 2 establishes the existence of a complete set of eigenfunc- 
tionals x. Summing the corresponding identities (4) over all indices « 
we obtain for an arbitrary » € @ a Parseval identity 


‘lel =L J lo, edo, @). (8) 
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Correspondingly, one obtains the representation for the vector!® » 
P=L] OPA) x do, 0). (9) 


Remark 2. Since in the canonical representation the characteristic 
function of the interval 4 is associated to the vector E(A)e, one can 
reconstruct the vectors E(A)e in terms of the functionals x, by means of 
integration: 


E(Aje = | _ xa do (A). 


We see thus that although the generalized eigenfunctions x, are 
elements of the dual space ©’ their appropriately weighted integrals!® 
with respect to a, (i.e., integrals over sets of positive measure o,) realize 
“concrete” elements of the Hilbert space H, to wit, elements of the 
form E(A)e. 


5. Generalized Eigenfunctions of Self-Adjoint Operators 
5.1. The Fundamental Theorem 


We now apply the general results of Section 4 in order to prove the 
existence and completeness of the system of generalized eigenfunctions 
for self-adjoint operators. 

As before, we assume that a continuous (in the original topology) inner 
product (@, %) is defined on the (perfect) nuclear space ®. As before, we 
denote the Hilbert space obtained by completion of ® in the inner 
product (g, 4) by H. Each element g ¢ H generates a linear functional 
file] = (g, p), defined for all pe ®. In the sense explained before we 
have the sequence of inclusion mappings 


®CHCE, 
where ©’ is the dual space of ®. 


18 Translator’s note: Cf. in this connection the discussion of direct integrals of Hilbert 
spaces in Section 4.4, Chapter I, Volume 4. 

16 Translator’s note: For the reader familiar with quantum mechanics, we mention 
the relation with Weyl’s eigendifferentials, and the physicists’ use of wave packets in 
scattering theory. Cf. also the discussion of Nikodym’s method for the treatment of 
continuous spectra in G, Ludwig, ‘“‘Grundlagen der Quantenmechanik,” pp. 75 ff. 
Springer, Berlin, 1954. 
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Let A be a linear operator defined on ®, and mapping @ into itself, 
which is symmetric with respect to the inner product (q, w): 


(Ag, $) = (7, Ay). (1) 


Such an operator is automatically continuous in ®. Indeed, let », > » 
then for any ¢ €@ we have (Agq,, ¢) = (9, 4) > (~, A’) = (Ag, ¥), 
l.e., the sequence Ag, converges weakly; but since the nuclear space ® 
is perfect this sequence converges also strongly to the element Ag, ‘.e., 
A is continuous. 

The adjoint operator A* is continuous and bounded in the dual 
space ®’. Since ®’ D @ the operator A* is also defined on the space ©, 
where it coincides with the operator A. Indeed, for gp € ® and any ye @ 
we have: 


(A*e, ¢) = (¢, Ad) = (AQ, #), 


so that A*@ coincides with the element Ao. 

Thus the operator A* is an extension of the symmetric operator A to 
the space ®’, so that we can omit in the sequel the sign * from A* and 
the operator A is a symmetric operator in ®, 

A linear functional y,¢@’ will be called an etgenfunctional or a 
generalized eigenfunction (some authors use “eigendistribution’’) of the 
operator A, belonging to the eigenvalue A if 


Ay, = Axa . 


Theorem 1. A symmetric linear operator A, defined on the space ®, 
which admits a self-adjoint extension to the Hilbert space H, possesses a 
complete system of eigenfunctionals x, belonging to the dual space ©’. 


Proof. By assumption and on the basis of the fundamental spectral 
theorem for self-adjoint operators,!” the operator A possesses a spectral 
family. E, = E(A*..). We choose an arbitrary vector e € H and consider 
the subspace H(e) spanned by the vectors e, = E,e. According to 
Theorem 2 in Section 4, there exists a complete system of functionals 


_ dE,e 
Xa = d(Eye, e) 


We check that the functionals y, are eigenfunctionals of the operator 
A. We denote by 4 the interval [a, 8] containing the point A, and by 


17 See, e.g., F. Riesz and B. Székefalvy-Nagy, Chapter 8, Section 2. (Ref. 3, p. 169, 
this book.) 
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E(4) the operator E, — E,. Let the interval 4 contract to the point A. For 
any go € ® we have, almost everywhere with respect to the measure o 


(Axi, %) = (xa, Ap) = lim ( ea , Ap) 


E(A)e, (e A dE, @) 


= lim ——~ 


> d dB(A) Exg) 


= lim 


7D | 
oy (« 
( 
( 


whence 
Ax, = Ayx,, 
as required. 
As before, the space H can be decomposed into an orthogonal sum of 
spaces H(e,). Using the theorem for every H(e,) and combining the 


results we obtain the existence (in ©’) of a system of eigenfunctionals 
x<? for the operator A, which is complete in the whole space @’. 


5.2. Differential Operators Defined in the Whole Space 
Example 1. Let A denote a linear differential operator 


Ay = Y, ay(x)D¥p(2) (1) 


with real, infinitely differentiable coefficients, defined throughout R,,, and 
symmetric in the inner product 


(ob) = | Axo) de; (2) 
This means that for two functions g and % of compact support 


(Ag, $) = (7, Ap). (3) 
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We choose the (perfect) N-space ® to consist of infinitely differentiable 
functions (e.g., a space of type K{M_,,}) and such that the operator A 
maps the space @ into itself and remains symmetric (i.e., verifies (3)). 
In addition we assume that the space @ is densely included in the space 
L,(R,) of all square-integrable functions ¢(<). 

Then the operator A can be extended to a self-adjoint operator in 
L,(R,,).18 Consequently the assumptions of Theorem | are satisfied and 
we obtain 


Theorem 2. A differential operator A which satisfies the enumerated 
conditions possesses a complete system of generalized eigenfunctions y,(x) 
belonging to the space @’. 


If we know the general form of continuous linear functionals over the 
space ® we can describe the general form of generalized eigenfunctions 
of the operator A. 

Let us assume, for example, that the space ® is the space S of func- 
tions g(x) which are infinitely differentiable and which together with 
their derivatives of all orders fall off at infinity faster than any power 
of |/|«|. The space ® = S is useful in particular for the treatment of 
differential operators A for which the coefficients together with their 
derivatives do not increase faster than a power of | x | at infinity. Any 
linear continuous functional (distribution) on the space S is a derivative 
of finite order p of a continuous function which does not increase faster 
than | x |”. We thus arrive at the conclusion: an operator A defined on S, 
which satisfies the enumerated conditions, admits a complete system of 
generalized eigenfunctions, each of which is a derivative of order p of a 
continuous function which does not increase at infinity faster than | x |? (for 


fixed p). 


5.3. Differential Operators in Regions with Boundaries 


Example 2. ‘The first example dealt with an operator A acting on 
functions defined in the whole space R,,. Here we consider an operator 
A defined for functions with support in a region with boundary. 

Let A bea linear differential operator 


Ag = Y, a,(x)D*o(x) (1) 


18 F, Riesz and B. Székefalvy-Nagy, p. 120. (Ref. 3, this book, p. 169.) 
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with real infinitely differentiable coefficients defined in the region G of R,, 
and symmetric with respect to the inner product 


(eb) = | Ae) He) de. (2) 


More precisely, we assume that for any two functions, @ and %, of 
compact support, defined (and infinitely differentiable) in the region G, 
and vanishing in a neighborhood of the boundary I of G, we have 


(Ag, ¥) = (9, Ad). 


The operator A can be extended to a self-adjoint operator on the space 
L(G). 

Its domain 92, is a subset of functions g(x) €L,(G) satisfying definite 
boundary conditions. The condition that A be self-adjoint means that for 
any function (x) €L,(G) for which the expression ((x), Ag(x)) is a 
bounded functional of p(x) on L(G), belongs to the domain of the opera- 
tor A and satisfies the boundary conditions which characterize the 
domain.of this operator. 

We assume that 4 is given as a self-adjoint operator from the outset. 
Then according to Theorem |, A will have a complete system of genera- 
lized eigenfunctions defined as functionals over a nuclear space ® which 
contains all infinitely differentiable functions of compact support and is 
invariant under the action of A. 

The question arises as to the sense in which these generalized eigen- 
functions satisfy the boundary conditions, characteristic for the domain 
of the operator A. 

Since the generalized eigenfunctions y,(x) are not in general ele- 
ments of L(G), we have no possibility of considering the expression 
(x(x), Ae(x)) and showing that it is a bounded linear functional of 
g(x). We proceed in a different manner. If the boundary of the region G 
is entirely at finite distances, then we have: 


Theorem 3. Let y,(x) be a generalized eigenfunction of an operator A 
of order p, which in reality is an ordinary function and admits ordinary 
derivatives up to order p; then the product g(x) = x,(x) e(x) belongs to the 
domain of A, where e(x) 1s an infinitely differentiable function of compact 
support which is equal to one in a neighborhood of the boundary T of G. 


Proof. We show that the functional of 


(g,, Ap) 
is bounded in L,(G). 
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Interpreting g, as a generalized function and ¢ as a test function, the 
symmetry of the operator A implies 


(g,,4¢) = (Ag, , ). 


But considered as an operation on a generalized function, the operator A 
does not always act as the operation )a,(x)D*, even if g,(x) possesses all 
the required derivatives. We discuss this problem in general, 1.e., we 
investigate the meaning of applying the operator A to a generalized 
function defined by an ordinary, p times continuously differentiable, 
function f(x). If g(x) is a test function of compact support, Green’s 
formula implies 


(f,49) =] f- Ap-de 


ba [ Af-e -dx + [ M4 do 
= (4f, ), (3) 


where A, f means the application in the usual sense of the differential 
operator A to the function f(x), and L is a bilinear form appearing due to 
the integration by parts. We see that the expressions Af and A, f are in 
general different, the difference depending on the boundary values of the 
function f. 

We show, however, that for a generalized eigenfunction these expres- 
sions coincide. 

If f = x, is an eigenfunctional (generalized eigenfunction) of the 
operator A, we have 


(f, Ap) = (Af 9) = Aare) =A] xale)o(e) ae (4) 
Comparing (3) and (4) we see that 


J LUA 9] do = | Bxale) ~ Arf ae. (5) 


But the functional on the left-hand side is singular whereas the func- 
tional in the right-hand side is regular, which implies that both have 
to vanish. Indeed, if ¢ is chosen so as to vanish along the boundary, we 
obtain 


| Baie) — Ayale de = 0 
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and since g is otherwise arbitrary, we have everywhere except the 
boundary I" 


Axa(x) — 4x, = 0. 


It follows that for an arbitrary ¢ the right-hand side of (5) vanishes and 
hence the left-hand side vanishes too, for arbitrary ~. Consequently 
x(x) satisfies the equation 


Aix,(x) = Ax, (2), 


i.e., it is an ordinary eigenfunction of A. Further, for any test function 


J 2b 9 do = 0, 


whence 
i Lyxae, 9] do = 0, 


since y, and y,e coincide in the neighborhood of the boundary. Con- 
sequently 


(€()xi(2) Ap) =f Arele)xa(x) + ox) dx 


therefore, this functional of » is bounded, and remains bounded through- 

out the space H, since the function A,e(x)y,(x) is of compact support if 

e(x)x,(x) is. Therefore e(x)y,(x) is in the domain of the operator A and in 

particular, satisfies the boundary conditions. This completes the proof. 
We now give the following general definition. 


Definition. A functional f is said to be a solution of the equation 
Bf = 0, satisfying the boundary conditions, if for all infinitely differen- 
tiable functions g(x) in the domain of the self-adjoint operator B, it 
satisfies the equation 


(f, Bp) = 0. 


We now prove that the generalized eigenfunctions y, of the self-adjoint 
operator A satisfy the boundary conditions in the sense of this definition. 
Here B = A — AE. Let ¢(x) belong to the domain of the operator A. 
Then 


(AE(A)e, ¢) = | dE), 
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and the functional E(4)e satisfies the boundary conditions. Therefore 
(E(4)e, Ap) = | A d(E,e, p) = | A(xa » p) do (A), 
74) A 


consequently 


(#ms 


qo Ae) = (xa 49) = Meas ®) 


whence 
(xa, (4 — AE)p) = 9, 


as asserted. 


5.4. The Sturm-Liouville Operator 


Example 3. We consider the operator 
Ay = —y" + q(x)y (0 <x < H, Im q(x) = 0) (1) 


with infinitely differentiable coefficient q(x). Under certain conditions to 
be imposed on its domain (and on the coefficient q(x)), the operator is 
self-adjoint.!® In particular, this is true for the boundary condition 


y'(0) = (0) (8 real) (2) 


Theorem | implies the existence of a complete system of generalized 
eigenfunctions x,(x) each of which satisfies the equation 


—y" + g(x)y = Ay. (3) 


We note that in the case under consideration these eigenfunctions are 
ordinary infinitely differentiable functions, since an ordinary differential 
equation without singular points does not admit other kind of solutions 
in the class of generalized functions (cf. Chapter I, Volume 1). 

We saw in Example 2, that such eigenfunctions satisfy the boundary 
conditions in the usual sense. 

We now formulate for the special case at hand the theorem on com- 
pleteness of the system of eigenfunctions (Theorem 2 in Section 4): 


19 Cf. M. A. Naimark, ‘‘Lineinie differentsialnye operatory’’ (Linear Differential 
Operators). Gostekhizdat, Moscow, 1954 (German Ed., Berlin, 1960). 
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Theorem 4. Let e, denote the set of generating vectors spanning the 
space H for the operator Ay = —y" + q(x)y, and let o,(A) denote the 
corresponding monotone functions: o,(A) = (Eye, , &). The eigenfunction 
Xa(A) obtained by differentiating the vector E,e, with respect to the measure 
a,(A) is a solution of Eq. (3) and can therefore differ at most by a numerical 
factor b,(A) from the (unique) classical solution y(x, A) defined by the initial 
conditions (0, A) = 1, y'(0, A) = @: 


Xa(A) = 5,(A)y(x, A). 


The expansion formula for a function g(x) of compact support takes the 
form 


ols) = ¥ [J BOE Awl) ae] 9(e, A.A) dos) 


= i ; y(x, A) [f WE, ») oS) ae] » b,2(A) do,(A). (4) 


We denote the sum 5°b,7(A) do,(A) by do(A); o(A) is the spectral function 
of the problem. The function 


FQ) = | 96 ND AE = (x9) (5) 


will be called the Fourter-Sturm-Liouville transform of the function 9(x). 
Eq. (4) shows that the function g(x) can be obtained from its Fourier- 
Sturm-Liouville transform by means of the inversion formula 


wx) = f(x, FQ) do(. (6) 
The Parseval identity becomes 
lel? =f lo(stde = f° | FA)? doQ). (7) 


Our derivation of this formula is valid for functions g(x) of compact 
support. 

Here the function F(A) is an element of the Hilbert space L,? of 
o-square-integrable functions. Equations (5) and (6) show that the cor- 
respondence between the functions g(x) and F(A) can be extended to a 
correspondence between all functions g(x) belonging to the Hilbert 
space L,(0, 00) on the one hand, and the functions F(A) of the space L,? 
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on the other hand. The correspondence is a linear norm-preserving map 
(unitary transformation) and is therefore a Hilbert-space isomorphism. 


Note. A similar theorem holds, of course, for the mth order self- 
adjoint operator 


Ay = yir(x) + ay(x)y"P(x) + + + n(x) y(2) 


with infinitely differentiable coefficients a,(x). 


5.5. The System of Simultaneous Generalized Eigenfunctions of a 
Pair of Self-Adjoint Operators 


The following theorem is analogous to the theorem of simultaneous 
reduction to a canonical form of two quadratic forms. 


Example 4. Let A and B denote self-ajdoint operators defined in the 
(perfect) nuclear space ®; let further B be positive definite in the inner 
product (9, x), i.e., (Be, %) > 0 for p # 0 and invertible in the Hilbert 
space H (i.e., B-! is defined there). 

We show that there exists a complete system of generalized functions x, 
satisfying the conditions 


Ax, = ABy, . (1) 


The operator B-!4 is selfadjoint with respect to the inner product 
(Bo, ws), since 


(B(BAg), $) = (Ao, #) = (p Ap) = (Be, B'AS). 


The classical spectral theorem implies the existence of a spectral 
family E, for the operator B-!A. Differentiating this function with respect 
to the measure o,, where o,(p) = f,,d(E,e, e), we obtain on the basis of 
the theorems of Section 4 the complete family of functionals 

dE,e 


— ®’. 
XA do, € 


It remains to be shown that these functionals are solutions of Eq. (1). 
From the equation 


B-\AE(A) = [in dE, (4=(A,d’)) 
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we derive 
a’ At 
AE(4)=B| dE, =| pd(BE,), 
A A 


hence 


AE(A)e 


~o(4) -ayJ. pane): 
Taking the limit A’ — A we obtain Eq. (1). 

As an example we consider the equation proposed by S. L. Sobolev 
and R. A. Alexandryan: 


oC? ¢ Ou Cu O7u 
oe oat re )= aa (2) 


with the following boundary and initial conditions: the function u(x, y, t) 
takes given values on the smooth boundary I" of the region G and 
u(x, vy, O) = f(x, v), with fa given function. 

Separation of variables leads to the following equation for the ¢-inde- 
pendent function v 


ou ov ou 
pe age Foe) =O (3) 


where v is subjected to boundary conditions on I’. The Laplace operator 
4 = (07/0x?) + (6?/dy?) is known to be positive definite. In addition, 
both operators 67/0x? and 4, when defined on functions g(x) which 
vanish on the boundary I are obviously self-adjoint. The theorem 
stated above leads then to the result: 


Theorem 5. The solutions of Eq. (2) with given values on the boundary 
form a complete system of generalized eigenfunctions. 


5.6. The Case of Coefficients of Finite Order of Differentiability 


The condition that the coefficients of the differential operators A 
considered above be infinitely differentiable (which was imposed due to 
the infinite differentiability of the test functions of the space ®, so that 
A maps @ into itself) is often too restrictive for problems in the theory 
of differential operators. 
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The following simple consideration should allow us to weaken this 
condition. It is clear that the spectral family E, and the complete system 
of functionals y exists also for an operator A which does not necessarily 
map © into itself. It is sufficient that the operator A be defined on a 
dense subspace L, C ® and that it maps this subspace into a Hilbert 
space H, where it admits a self-adjoint extension. 

But the equation Ay, = Ay, may in general lose its meaning in this 
case, since A is no longer defined on the dual space ®’. 

There is an important case in which this theorem remains valid. Let 
us assume that the operator A maps the space ® not simply into H, but 
into one of the normed spaces ®, C H. Then the adjoint operator A* 
maps the space @,,’ into ©’. But, as we have seen before, the operator A* 
is an extension of A, so that the * can be omitted. We see that our 
assumption is equivalent to the fact that A is defined on the normed 
space ®,. Let further the functionals x, = dE,e/dc, also belong to the 
space ®,,’. Then the expression Ay, is meaningful and, as has been shown 
Ay, = Ax, as required. Similar considerations can be used for linear 
differential operators. 

We assume that the index p characterizing the order of the functional 
over ®, coincides with the maximal number of continuous derivatives 
which the functions making up that space admit. (This is certainly true 
for the previously considered test function spaces K, S, K{M,}.) 

If this assumption is satisfied, the multiplication by a function a(x) 
which admits continuous derivatives up to order p (assuming that the 
behavior at infinity does not disagree with this multiplication) is an 
operation mapping the space ® into ®,,. Therefore the linear differential 
operator 


A=) aD 


with coefficients a@,(x) of class C?, will map the space @ into @, . 

This remark allows one to replace in the preceding examples the 
infinite differentiability of the coefficients by a condition of sufficient 
smoothness, i.e., existence of derivatives up to a certain order only. The 
question remains however, how high to take this order, since it also 
depends on the index p for which the vector Ee is of bounded variation 
when considered a functional over the space with the norm || ||, . 

We shall see that in the case of the ordinary inner product 
(p, 4) = Jo dx it suffices to require the existence of first derivatives 
only. Further, it is often possible to show that the generalized eigen- 
functions are in fact ordinary functions. It will also be possible to 
indicate the growth caracteristics of these functions at infinity. 
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6. The Structure of the Generalized Eigenfunctions 


6.1. The Fundamental Theorem 


In this section we investigate the structure of the generalized eigen- 
functions y, = dE,e/do, under the assumption that the operators 
E, act in the ordinary Hilbert space of square-integrable functions 
g(x) («Ee R,,) with the inner product 


(yp) = | oxi) de. (1) 


The test function space will be assumed, as before, to be perfect (we 
need net assume here the nuclearity of ®). 

Furthermore it is assumed that the first two norms || ¢ ||, and || o ||, of 
the space @ are of a special form, to wit: 


(1) oli = J | p(%)/?-M(x) dx with 1/M,(x) a square-integrable 
funtion, and 

(2) Wp lly = max [| De(x)| + M,(x)], with = (| «+++ x, |)!/#/M,(x) 
square-integrable and D = 0"/0x, ++: Ox, . 


The first assumption implies that all test functions g(x) are square- 
integrable, whereas the second assumption implies that the functions 
D(x) multiplied by (| x, +++ x, |)!/? remain square-integrable. Since 
the remaining norms are arbitrary, many problems with operators which 
are symmetric with respect to the ordinary scalar product can be included 
in the treatment presented here. 

We denote the completions of © with respect to the norms || ||) and 
Il ly by ® and @, respectively. 


Theorem 1. Let the self-adjoint operator A be defined on the Hilbert 
space H with inner product (1). Then the functionals x, = dE,e/do, are 
defined and continuous on the space ®, . 


Proof. According to Section 2.2, it suffices to show that the expres- 
sions 


> i Hye = Eye |e ’ 


are uniformly bounded. We define E(4;) = E, , — E,,. For different j 
the operators E(4;) are mutually orthogonal, and for any vector e, || e|| = 1: 


d (E(A;)e, E(A;)e) = (¢, e) = 1. 
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The action of the functionals E(4,)e on the test function is described by 
(E(A,)e, ») = | E(4,)e(x) ox) dx. (2) 

We define the function G, (x): 
G8) = Gayl, sony) = fo F” (AE) dB dey) 


The function E(4;)e(x) can be obtained from G, (x) by means of differ- 
entiation: 


E(A,)e(x) = DG,,(x), 


. (4) 


Using the Schwarz inequality, one can estimate the growth of G,, (x): 


| Gig (2 ye) Xn) | xy 11 x, |)? ( oe c | B(A,e(é))2 ae)” 


< ( 
K (| Hy Xp |), (5) 


under the assumption that e(x) is normalized. 
We show that 


| B(Aje(x) Hay de = (—1)" | Ga,e(%) De) ae. (6) 


For a function of compact support g(x) the validity of (6) follows 
directly by integration by parts (the integrated terms vanish due to the 
support property of p). For an arbitrary test function g(x) one can always 
form a sequence {g,(x)} of functions of compact support in ® which 
converge to g(x) in the topology of that space (cf. Section 4, Chapter II, 
Volume 2). Then the sequence of derivatives {Dg,} converges to D@ in 
®. As before we assume that convergence in the topology of ® implies 
weak convergence in H (i.e., with respect to the inner product). Thus 
one can take the limit » — 00 under the integral in 


| E(A,)e(x) PX) dx = (—1)" | Gy e(*) De,{x) dx 


which yields the Eq. (6). 
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Consequently 
(E(A,)e, ¢) = (—1)" | Gaje(x) Dox) de. 
whence 
[(E(A;)e, p)| < fi Gy ,e(x)Do(x)| dx 
<f! i ses Poe) a 
A 
< sup, M,(x) | an Geeta : 
Thus 
| G4 ,e(x)| 
| Bae lleoy S M(x) dx, 
and consequently 
X | Gase(x)| 
Y; || E4,e lp,’ | M ae ake Mg 


We have (| «,(x) | = 1): 


> | Ga,e()| 


=f Y (B(Ase(e) de 
< (|, o++ x, |)? (J Y (@)B(AeC6 ’ ae)” 


S ([ My Hn |)? Ce. | » €,(€)E(4;)e(€) | de) 
< (| x, «1+ x, |)? 


x ({ : b «x(x)E(A,)e(8)| b ex) B(Ae(®)| ae)" 


== (| x1 ‘1X, |)? (|, > €(£) e,(E)E(4,)e(€) E(A;,)e(€) de)" 
a See ee REY 1/2 
= (jay ay (YD 6) EB | E(A)e(€) BAAS ae) 
ik R 


= (rss DI (YEA, BA) = (ar m4 DE, 


since the vector e is assumed normalized. 
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Asa result we obtain 
¥ || Exe lo,’ </SRe dx = C < ©, (7) 


as required. 
The general form of a linear continuous functional on the space @, is 
known (cf. Section 4, Chapter II, Volume 2). It is given by 


(f, 9) = | Mi~f(@)De(x) de, (8) 


where f(x) is a bounded measurable function. In other words the func- 
tional f is obtained by letting D = 0"/0x, +++ 0x, act on the function 
g(x) = M,(x) f(x) which does not increase faster than CM,(x), f(x) 
being bounded. 

For M,(x) one can choose any function, as long as condition 2 is 
satisfied. For example, the function 


M(x) = (1 + [ x |)Sn/2+, 


satisfies all the requirements. We thus reach the conclusion: 


Theorem 2. The generalized eigenfunctions y,(x) of any self- 
adjoint operator A defined on the space L, are derivatives (of the type 
6"/Ox, +++ Ox,) of measurable functions which do not increase faster than 
(LE | x [) rate, 


6.2. The Case of a Differential Operator 


In Section 5 we have considered the problem of eigenfunction expan- 
sions of a differential operator. In Sections 5.2-5.5 it was assumed that 
the coefficients of the operator are infinitely differentiable functions in 
order to maintain invariance of the space ® under the action of the 
operator A, 1.e., in order that pe ® imply Ame ®. Theorem | of Sec- 
tion 6.1 allows us to lift this restriction. 

Let A be a differential operator with coefficients a,(x) having con- 
tinuous derivatives Da,(x) = @"a,(x)/@x, +++ @x, and satisfying the 
inequality 


| Da{x)| < M(x), (1) 


where M(x) is a monotone function. 
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We consider the function spaces ® and ®, introduced in the preceding 
section. Let the functions M,(x) and M(x) which fix the norms in these 
spaces be such that 


M eas 1/2 M . 
(x)(| mon !) and ae are integrable. (2) 


Taking into account the statement at the end of Section 5, it results 
that 


exists and that 


(x,, 4¢) = A(x,» &). 


With this we have proved the following 


Theorem 3. Any self-adjoint differential operator with coefficients 
having a continuous derivative admits a complete system of generalized 
eigenfunctions which are linear functionals over the space Py. 


Theorem 2 makes it possible to get some information about the be- 
havior of generalized eigenfunctions (therefore also for eigenfunctions) 
for differential operators A defined in the whole space. On the other 
hand, if the domain of the operator A consists of functions defined in a 
bounded region G, then, repeating the arguments of the proof of Theo- 
rem | one can see that the eigenfunctionals y,(x) are derivatives of 
bounded continuous functions f,(x). It should be noted that the operator 
A can also be singular, i.e., a differential operator with coefficients 
having singular points. 

Any generalized solution of a Sturm-Liouville problem xy, = dE,e/do, 
is also an ordinary solution (Section 5), i.e., a function y(x, A) which is 
twice continuously differentiable and satisfies the equation 


—y" + q(x)y = dy. 


For any function of compact support g(x) we have 


(xas) = [ few’) dx = ii Hx, A)p(x) dx, (3) 
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with f,(x) a measurable function. Equation (3) implies the inequality 
| foe.) de] <c; (4) 


and consequently we have: 


Theorem 4. The eigenfunctions y(x, ) of a Sturm-Liouville equation 
over a finite interval satisfy an inequality (4) independent of whether q(x) 
is or 1s not singular. In other words the eigenfunctions are integrable, even 
in the presence of singularities. 


Note. A similar theorem can be derived also for the case of a self- 
adjoint eigenvalue equation of order 2m, defined on a finite interval 


[a, bj: 
yen 4. qy(xyyer—) See Jon(x)y —_ ry. 


7. Dynamical Systems” 


We consider the system of ordinary differential equations 


dy 

ae = Y4(y1 ys Yn)» 
eh ceestienes betes (1) 

dy, 

“ = YA. yoary Vn)s 

or, in vector notation, 

dy ? 
a= Vy), (1’) 


where the point y = (4, ,..., y,) belongs to a C*-manifold M, and the 
functions Y,,..., Y, are such that the existence and uniqueness of 
the solution of the system (1) is guaranteed for arbitrary initial data 
yo = (y,°,.++5 Vn) on the manifold M. 

Physically, one can interpret the system (1) as the equations of motion 
of points on the manifold 9. For any y® and any value of ¢ one can 


20 Cf. V. V. Nemytskii and V. V. Stepanov, ‘‘Kachestvennaya teoriya differentsialnykh 
uraynenii’’ (Qualitative Theory of Differential Equations) 2nd Russian Ed. Gostekhizdat 


M.-L. 1949. 
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construct the point y, as a solution of (1) satisfying the initial condition 
(0) = 0; y, describes the position of the point y at the “instant” ¢. 

Thus the system (1) defines a transformation of the manifold M into 
itself 


Oo = Vt- 


These transformations obviously form a group 


O18 =Q,:Q,. 


One can apply the operator Q, not only to individual points on the 
manifold, but to a whole region G. By 0,G = G, one should understand 
the set of all points y(t) at time ¢ which at time 0 are situated inside the 
region G. 

The system (1) should admit an “integral invariant’, i.e., we assume 
there exists a function F(x) > 0, such that the ‘‘volume’”’ defined by the 
differential form F(y) dy, «+: dy 


n 


V(G) = J FOr In) Br“ dyn > 0, (2) 


is invariant under the transformation Q, (or as one usually says: invariant 
under the motion of the system): 


V[G] = V[G}. (3) 


In the dynamical systems encountered in particle mechanics (or in 
statistical mechanics) the integral invariant is usually called the ‘“‘phase- 
volume” of the system. 

One can consider the integral invariant V[G] as an invariant measure 
of the set G. Equation (2) shows that this measure is nonnegative and 
o-additive and Equation (3) shows that the measure is invariant with 
respect to motions of the system. 

Very often it is convenient to investigate dynamical systems by means 
of spaces of functions defined on the manifold Mw. Let us consider as an 
example the space L,(§) of functions g(x) which are square integrable 
with respect to the measure yp defined by the integral invariant of the 
system. ‘he motions QO, of the system induce a representation by means 
of transformations QO! of the functions belonging to L,(M) according to 
the formula 


O'p(x) = 9(Q/*). 


This defines a one-parameter group of unitary transformations of the 
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space L,(%). The group property follows from the definition of QO! and 
the unitarity is a consequence of the preservation of the L,(9)-norm, due 
to the invariance of the measure: 


| POxnFO) dy = | POO) &, 


By Stone’s theorem”! any such one parameter group of unitary oper- 
ators is generated by a fixed self-adjoint operator A: 


Qt = eit4, 


or, in terms of the spectral resolution E, of A 
Otp = | e't4 dE, o. 


The operator A is called the generator (or infinitesimal operator) of the 
motion and is defined by 


ty 
Mectine eee. 
130 t 


In the case under consideration A will obviously be a differential operator 
of first order: 


. : f — d 
iAg = lim Q Hy PO) £ Qo) i” 
= pA AAS = Y; —, 
d Cys; dt lio » OY; 


= 7) 
iA = Y, geesy Yn} DW 
2 (1 Ra ) oy; 
We further assume that there exists a (perfect) nuclear space ® which is 
a dense subspace of the space L,(M). We can then use the fundamental 
theorem of Section 4, which will associate to the spectral family of the 
operator A a complete system of derivatives 


X= a (0,(P) = ie d(E,e, é)), 


which are defined as linear functionals over the space ®. 


21 See F. Riesz and B. Székefalvy-Nagy, p. 137. (Ref. 3, this book, p. 169.) 
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The generalized functions f on the space ® are in a natural way 
subjected to ‘“‘motions” Q! (by transposing the operator Q, to the test 
function?) 


(OF, e) = F(Q,*), o*)) = FS), Q7"2)). 


Applying the operator Q! to the generalized function x,(x), this function 
will be multiplied by the numerical factor e*“. Indeed: 


(O'x,(), v) = (x,(*), AQ7'*)) 


slim, (Gap Or") 


= (2Mx,(x), P(*)). 


Consequently the generalized functions y,(x) are generalized eigen- 
functions of the operators of “motion” Q' belonging to the eigenvalue e*. 
For almost all points A of the spectrum there exist functionals (y,, ¢) 
defined on Dy (the space of functions admitting the derivative 


0"/Ox, «++ Ox, such that 
(xa, O%p) = (x1, )- 


For 4 = 0 this would yield an invariant functional analogous to the 
invariant measure: an “invariant distribution.’’ Examples of dynamical 
systems with “countably-multiple Lebesgue spectrum’’* are known. 
For such systems one can prove that for almost every A there exist 
countably many invariant functionals (y‘”, »). The problem of existence 
of the derivative dE, e/do, at X = 0 is not yet solved. If it were solved in 
the affirmative, it would follow, for example, that in addition to the 


22 Translator’s note: This is an example of a ‘‘dual-system representation”’ of a group. 
Cf. also the discussion of such non-unitary representations on pairs of vector spaces 
in duality in Volume 5, and in G. W. Mackey, Bull. Amer. Math. Soc. 69, 628-686 (1963), 
especially Section 8. 

23 A spectrum is said to be a Lebesgue spectrum if each spectral measure o,(A) is 
absolutely continuous and all these measures are equivalent to the ordinary Lebesgue 
measure, 
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invariant measure, a dynamical system with countably multiple Lebesgue 
spectrum admits countably many invariant functionals defined over 
twice-differentiable functions. 

I.M.Gel’fand and $.V. Fomin have been able to prove that dynamical 
systems defined in the usual manner on Riemannian manifolds of 
constant negative curvature belong to this class. 


NOTES AND REFERENCES 


Chapter | 


Spaces of type W have been introduced and analyzed by B. L. 
Gurevich [25]. These spaces not only represent generalizations of the 
spaces K,, Z? and Z,” which had been introduced previously by I. M. 
Gel’fand and G. E. Shilov [22], but also lead to improvements in the 
definitions and proofs. 

A slightly more general class of spaces, together with their duality 
theory is due to L. Hérmander [30] (see also Additional References [1]). 

B. Ya. Levin’s theorem on the existence of an entire function with 
given generalized growth indicatrix can be found in Ref. [39], Chapter 2. 


Chapter Il 


Sections 1-5. Holmgren’s method is treated in [28]. The first 
general theorems on uniqueness classes for Cauchy problems for 
equations of the evolution type,! with constant or t-dependent coefficients 
are due to I. G. Petrovskii [45]. He has shown that the class of all 
functions which are continuous and bounded for — 00 < x; <00 is a 
uniqueness class for each of these systems. This theorem has been 
extended by V. E. Lyantse [41] and L. Schwartz [50] to the class of all 
functions of power-law growth, Schwartz making use of the theory of 
distributions (generalized functions over S). The construction of the 
uniqueness classes consisting of exponentially increasing functions for 
arbitrary Petrovskii-correct systems is due to the authors: in Ref. [22] it 
was derived by making use of the Fourier transforms of exponentially 
increasing functions and in Ref. [23] by means of the operator method, 
considering operators exp(tp(d/dx)) in the spaces S,*. The concept of 
reduced order of a system was first introduced in [22], in terms of the 
order of the resolvent matrix e!'), 


1 That is, systems of equations of the form 


Gu(x, t) _ 


OL Y) a(x, t) D,%u(x, t) + (x, 2). 


la|<m 
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The characterization of uniqueness classes given in this book is more 
complete than in Ref. [22] and [23] (the exponent py’ — « is replaced 
by p,’). This improvement is due independently to K. I. Babenko [2], 
B. L. Gurevich [25] and S. D, Eidelman [14]. G. N. Zolotarev [56] is the 
author of the theorem that the functions of exponential order 
< py’ + ¢,¢ > 0 arbitrary, do not form a uniqueness class for any 
system of the evolution type (for py’ > 1). 

The following authors have contributed to the problem of determining 
the uniqueness classes for the Cauchy problem: E. Holmgren [29] and 
A. N. Tikhonov (Tychonoff) [52] for the heat equation and related 
equations, O. A. Ladyzhenskaya [38] for general parabolic equations 
and S. D. Efdelman [12] for general parabolic systems. Necessary and 
sufficient conditions for functions satisfying an inequality of the type 
| f(x)| < Ce®™) to form a uniqueness class for Cauchy problems have 
been established by 8S. Tacklind [51] for the heat equation and by 
G. N. Zolotarev [55] for Petrovskii-parabolic systems. 

The original definition of a hyperbolic system and the existence of 
solutions for sufficiently smooth initial functions is due to I. G. Petrovskii 
[45]. A slightly more general definition, permitting to formulate the 
converse theorem (i.e., that any system with solutions for sufficiently 
smooth initial data is hyperbolic) has been given by L. Garding [16] 
(cf. in this connection, Section 3, Chapter III). Similar theorems have 
been subsequently proved by L. Schwartz [50] within the framework of 
distribution theory. Another approach to uniqueness theorems, on the 
basis of Laplace transforms in t (which seems to be applicable only to the 
case of one space variable) is due to E. Hille (cf. Ref. [27] and further 
references given there). 


Section 6. The reduction of the problem of determining the growth 
of the function e’?) in the complex s-plane to the investigation of the 
growth of the real parts of the characteristic roots of the matrix P(s), by 
making use of the inequality (6) is due to G. E. Shilov [48]. The estima- 
tion of the coefficients of the Newton interpolation formula by means of 
complex integration has been taken from the book [24] of A. O. Gel’fond. 
The formula for the computation of the reduced order is due to V. M. 
Borok [6]. She has shown in the same paper that every system with 
integral reduced order p, can be reduced to a system of the form 
Ou/Ot = P,(i 0/éx)u, where the differential operator Py is of order not 
higher than p, (for hyperbolic systems: |). If the reduced order is rational 
Po = p/q, the system can be reduced to the form 0”u/dt" = P,(i 0/ex)u 
with 2 < q and the order of P, not larger than p. 


Section 7. The main result of this section is due to G. E. Shilov [49]. 
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It is given here in an improved version (A < | is replaced byh < (2f,)’), 
which was obtained by I. I. Shulishova in her Diploma Thesis (Master’s 
Thesis). 

The note at the end originated with Yu. A. Dement’ev. 

The results of Appendix | are due to B. L. Gurevich. 

The results contained in Appendix 2 have not been published so far 
and are due to A. G. Kostyuchenko and G. E. Shilov. 

A. G. Kostyuchenko [34] has also obtained the results presented in 
Appendix 3. These results are given here in a more complete form. The 
theorem of Eidelman on the solution of the Cauchy problem for systems 
with elliptic operators is contained in Ref. [13]. 


Chapter III 


The first general theorems on uniqueness classes for the Cauchy 
problem for systems of evolution type with constant or t-dependent 
coefficients have been found by I. G. Petrovskii [45]. He has shown 
that ‘“‘condition A” (cf. p. 107; this condition is our condition of 
Petrovskii-correctness) is necessary and sufficient in order that the 
class of functions which are bounded together with their derivatives up 
to a certain order for —00 < x; < ©, form a uniqueness class for the 
Cauchy problem for systems of the form éu/dt = P(t /éx)u. The follo- 
wing authors have indicated correctness classes consisting of functions 
of exponential type: Holmgren [29] and Tikhonov [52] for the 
heat equation, Tacklind [51] for the equation @u/dt = 0?”u/dx, 
Ladyzhenskaya [38] for general parabolic equations, and Eidelman [12] 
for Petrovskii-parabolic systems. The general construction of correctness 
classes for arbitrary systems of evolution type have been carried out by 
Shilov [48]. The presentation in this volume is the first systematic 
exposition of the subject. 


Section 2, Petrovskii-parabolic systems were first introduced in 
Ref. [45]. For the general definition cf. the paper by Shilov [48]. 

Characteristics for systems with one space variable have been com- 
puted by V. M. Borok [7]. Petrovskii-parabolic systems with coefficients 
depending on the space variables have been investigated by Eidelman [13]. 

Since the fundamental solution of a parabolic system is an infinitely 
differentiable function of x, each solution belonging to a uniqueness 
class has the same property, although the initial function need only be 
locally integrable. V. M. Borok [5] has shown that only parabolic 
systems have this property. 
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Section 3. Systems which are Petrovskii-hyperbolic were investigated 
in Ref. [45] and by G4rding [16]. 


Section 4._What we call Petrovskii-correct systems, Petrovskii himself 
called systems with “condition A.” S. A. Galpern [15] has introduced a 
class of systems which occupy within the class of Petrovskii-correct 
system the same place, as the Petrovskii-hyperbolic equations occupy 
among the general hyperbolic systems. Systems of positive genus py have 
been introduced by the authors [22] under the name “regular systems.”’ 
Subsequently Kostyuchenko and Shilov [35] have proved the theorem 
that each such system has a solution within the class of functions of order 
exp €|x|?° (e > 0 arbitrary). This proof is the basis of the general 
existence theorems established in this section. In Ref. [14] Eidelman 
has shown that certain systems in physics and mechanics belong to the 
class of regular systems (e.g., the equation describing sound propagation 
in a viscous gas, given in this section). Formulas for the computation of 
characteristics for systems with one space variable have been given by 
V. M. Borok [7]. Theorem 4 is due to Kostyuchenko and Shilov and has 
not previously been published. 

For systems which we called “conditionally correct,” V. E. Lyantse 
[41] has indicated a uniqueness class consisting of infinitely differen- 
tiable functions with exponential growth. 

F. John [31] has arrived at the class of conditionally correct systems 
by different considerations. He has described those systems which admit 
at least one solution with a nonvanishing initial function of compact 
support. 

The results in subsection 4.3 (correctness in the class of analytic 
functions) are due to Kostyuchenko [48]. This is the first detailed 
account of the subject. L. Ehrenpreis [11] has also investigated the 
solvability of systems which have entire functions as initial data. 


Chapter IV 


The history of the problem of eigenfunction expansions has been 
sketched in the preamble of this chapter. The reduction of quadratic 
integral forms to canonical form and the proof of the completeness of 
the eigenfunctions of a regular Sturm-Liouville problem (Steklov’s 
theorem) are due to D. Hilbert [26]. The completeness of the eigen- 
functions for compact operators was first proved by F. Riesz [47]. The 
spectral resolution of unbounded self-adjoint operators in a Hilbert 
space is due to J. von Neumann [43]. The problem of extension of 
symmetric operators, in particular, semibounded operators (theorems of 
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von Neumann, Friedrichs, Riesz) is treated in [36] (cf. also the repeatedly 
quoted book by Riesz and Nagy). Eigenfunction expansions for an 
ordinary differential operator on a semiaxis are originally due to H. 
Wey] [54] (cf. also the more recent investigations of E. C. Titchmarsh 
[52] and B. M. Levitan [40]). For differential operators of mth order 
this problem has been investigated by M. G. Krein [37] and K. Kodaira 
[32]. A. Ya. Povzner [46] has treated the problem of eigenfunction 
expansions for operators of the form —4u + qu, defined in the whole 
space. F. I. Mautner [42] has proved an expansion theorem for general 
self-adjoint operators for which the resolvent is an integral operator 
with kernel of Carleman type. F. Browder [87] and L. Garding [17,18] 
have shown that all elliptic differential operators belong to this class, 
consequently the expansion theorem is valid for any elliptic operator. 


Section 2. Differentiation of functionals of strongly bounded varia- 
tion has been considered independently first by I. M. Gel’fand [19] 
and then by N. Dunford [10] and B. J. Pettis [44]. 


Sections 3-7. The results of these sections are due to Gel’fand and 
Kostyuchenko [21]. F. Browder [9] has extended the fundamental 
theorem to the case of maximal symmetric operators (cf. in this connec- 
tion the paper [33] of Kostyuchenko, where the theorems on the structure 
of generalized eigenfunctions have been carried over to this case). After 
Ref. [21] appeared, Yu. M. Berezanskii [3] proposed a different way of 
obtaining the eigenfunction expansion in the space L,(R,,). In a com- 
munication at the 3rd Soviet-Union Mathematical Congress (June, 
1956), Garding reported that he has established a theorem on generalized 
eigenfunction expansions for selfadjoint differential operators in L,(R,). 
Subsequently Berezanskii showed that the primitive functions of the 
generalized eigenfunctions (in R,,) do not increase faster than | x |(5/2)n+1+«, 
Kostyuchenko [33] has improved this result, replacing | x |(5/2)"+1+« by 
ne 

In another paper [4], Berezanskii has extended to eigenfunction expan- 
sions Bochner’s theorem on the representation of functions of positive 
type. 

The Sobolev problem has been investigated by R. A. Alexandryan [1]. 

The results of Section 6 are due to Kostyuchenko [33], those in 
Section 7 are due to Gel’fand and Kostyuchenko [21]. The theorem of 
Gel’fand and Fomin on dynamical systems on manifolds of constant 
negative curvature can be found in Ref. [20]. 
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Translator’s Note 


No systematic attempt has been made to include the literature which 
has appeared since the original manuscript was completed (1957). A few 
newer books which are pertinent have been included as ‘‘Additional 
References.” For further references the reader is directed to survey 
articles and the Mathematical Reviews for the past nine years. 

As was already remarked, the last chapter is related to Chapter I in 
volume 4 (cf. the notes and references to that Chapter, especially 
Section 4, for additional bibliography). 
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Canonical representation for Hilbert space, 
187 
Cauchy problem, 30, 37 
always solvable, 33 
correctness class for, 30 
in linear topological space, 32 
method of Fourier transforms, 5! 
operator method, 36 
uniqueness class, 30, 37, 42, 56 
Characteristic roots, 64 
Class, correctness, 30, 37 
for analytic functions, 163 
for hyperbolic system, 129 
for parabolic system of nonpositive 
genus, 123 
of positive genus, 117 
Completeness, 186 
Convergence 
absolute, 181 
regular, 2, 25 
unconditional, 181 
Convolution equations, 90 
uniqueness class for, 93 


Degree of growth, 69 

Difference equations, 93 
Differential-difference equations, 90 
Duality in sense of Young, 18 
Dynamical systems, 206 


Eigenfunctionals, 184 
structure of, 201 
Equivalent functions, 14 


Fourier duality, 18 
Fourier Sturm-Liouville transform, 197 
Function, Young dual, 18 
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Functional 
solution of boundary value problem, 193 
of strongly bounded variation, 172, 181 
of weakly bounded variation, 173, 176, 
181 


Garding hyperbolicity, 128 
Gelfand-triple, 183 
Genus, 115 


Green’s matrix function, 106 


Holmgren’s method, 32 
Hyperbolic systems, 57, 126, 129 
correctness class for, 129 
Garding, 128 
Petrovskii, 127 


Integral equations 
invariants, 207 
operators, symmetric, 166 
systems of, 90 


Kovalevskaya (Kowalewski) systems, 98 


Lebesgue spectrum, 209 
Levin’s theorem, |! 


N-Space, 178, 181 
Nuclear space, 178, 181 


Pair of self-adjoint operators, 198 

Parabolic systems, see System 

Parabolicity exponent (index), 111, 117, 123 

Parseval identity, 188, 197 

Petrovskii correctness, 107, 134, 137 
hyperbolic system, see System 
parabolic system, see System 

Phragmén-Lindelof theorems, 80 
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Operator Wu, 8 
adjoint, 169 bounded sets, 9 
bounded self-adjoint, 169 differentiation, 15 
compact (completely continuous), 167 Fourier transforms, 24 
differential, 192 multiplication, 15 
essentially self-adjoint, 170 wee, 9 
real, 170 Fourier transform, 23 
self-adjoint, 169 multiplication by function, 16 
semibounded, | 70 W,?, 10 
symmetric, 169 wee, 10 
integral, 166 Spectral function, 197 
Order resolution, 169 
of functional, 175 System 
reduced, 41, 59, 70 dynamical, 206 
of system, 37 of partial differential equations, 29 


Cauchy problem 30, 36 
characteristic roots, 64 
conditionally correct, 157 


Reduced order, 41, 59, 70, 77 
Regular convergence, 2, 25 


Resolvent matrix, 106, 113, 128 correctness class, 159 
genus of, 158 
Series of functionals, types of convergence. correct in analytic functions, 163 
181 with elliptic operators, 100 
Set function, absolutely continuous, 186 hyperbolic, 57, 126, 129 
differentiation of, 186 according to Garding, 128 
Slow function, |1 to Petrovskii, 127 
Space correctness class, 129 


K{M,} as N-space, 179 
as W-space, 3 
nuclear, 178, 18! 
perfect, 7, 178 
Wu, | 
bounded sets in, 4 
differentiation, 12 
Fourier transforms, 23 
multiplication, 12 
several variables, 25 
Wma ’ 2 
Fourier transforms, 20 
W®, 6 
bounded sets, 8 
differentiation, 13 
Fourier transforms, 23 


Kovalevskaya, 98 

incorrect, 108, 156 

order of, 37 

parabolic, 107, 111 
correctness class, 117, 123 
genus of, 115 

Petrovskil-correct, 107, 134, 137 
correctness class of, 139, 149 
correctness exponent, 136 
genus, 137 

Petrovskii hyperbolic, 127 

Petrovskii parabolic, 112 

reduced order -of, 41 

with t-dependent coefficients, 58 

with x-dependent coefficients, 94 


multiplication by 2, 14 W-Space, | 

We 6 
Fourier transforms, 21 Young duality, 18 
as perfect space, 7 Young inequality, 18 
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